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| have many people to thank for help in creating this book: | can 
mention only some of them here. 


W. W. Sawyer’s books about mathematics and teaching have been a 
major influence on me since | began teaching math, His clarity of 
thought and ability to communicate are an ideal | can only strive to- 
wards but will never reach, W.W.,"s willingness to spend time and shane 
his ideas with me during my first visit to England helped meio see what 
was possibhe. 


Eva and John Gray intxtuced me to the new world of symbolic algebra 
via Mathematica and restarted me on my previous symbolic experience 
via Mu Math which led me to Derive. 


Stephen Wolfram shared with me his vision of a world with proper 
computer tools to do math and then worked very hard to create such a 
tool and to distribute it showing us all what was needed 
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I thank Bob Davis who has encouraged my teaching for years and who 
has been suggesting | write a book for all of that ime. 
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ee for echtimng and 

agement throughout the project and Joyce has been a major 
force in taking MathWare, the publisher of this book, from an idea to a 
reality. 





My partner in The Math Program, Don Cohen, showed me what was 
possible by publishing his fabulous book, Calculus By and For Young- 
People (ages 7, yes 7 and up), Our successful partnership in The Math 
Program for the past 16 years suppons our efforts to communicate: 
what Don and | both believe about teaching math. 


Mark Deininger has manipulated PageMaker and laser printers and 
graphics drivers and Derive and fonts and managed to create and carry 
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The authors of Derive, David Stowtemyer and Al Rich, had a direct 
effect on this book at many levels. By creating Derive they gave me a 
lool which wis both powerful and practical, | wanted to write a book for 
this program because | knew it could get out to the people who don't 
have big financial backing and who must work weal anodes every diay 
machinery. Al and David also are responsive to my suggestions 

changes in Derive and this made me feel a part of the project und not 
just a user, Revision of this book benefited from the use of Derive, 
version 2.51. 





The main inspiration in all of my teaching, over the past thirty-two years, 
has been my students. My own children David, Brian, Clair and 
Enn, have always amazed me with their mathematical abilities. Siu- 
dents like Laura Kate who was almost 5 when we began working, or 
(Carolyn who has attended The Math Program from the first grade 
through the fifth (and does amazing mathematical things every week), 
or Roger who decided to do his first calculus class in the summer 
(against my recommendation) and then worked so hard that he made it 
a success, have encouraged me to complete this book because I saw 
what was possible in their work. To them and to my future students [ 
offer this book for their consideration. 


Jerry Glynn 
Urbana, Minois 
July 27th, 1992 


three years, It is a joint venture between Soft Warehouse and MathWare. 
Greg Smith's bbs software has performed admirably. Address mail for Greg 
to: 917 'W. Columbia Ave., Champaign, [L. 61821. 


The bulletin board is based in Urbana, TL at (217) 337-0926. It can handle 
Communications specds up to 14400 baud: settings, n (no parity), 8 (data 
bits), | (stop bit). 





We hope that Derive users will call with questions, suggestions and good 
ideas to share and that potential users will make contact to beam about 
Derive, A Mathematical Assistant for Your Personal Computer. 
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Why We Really Like Derive 


My partner Don Cohen and I have used Derive for 

more than four years; our students have used Derive for © 
almost the same length of time. Our students are be- 

ween the ages of five and forty-five. Their experiences 
(and thus ours) are varied and complex. One of our 
students is a working engineer who is continuing to MW 
study calculus; others are unsuccessful first year algebra ~ 
students. Some of our youngest students are learning =| 
to count by nines; others of our students are fifth grad- 
ers trying to remember 7*8 = 56. Some of our elemen- 
tary age students are studying graphs of trig functions, 

the binomial theorem, and calculus. 





We have found that all of our students can benefit from 
using Derive, although often for different reasons. We 
will tell some of our experiences at The Math Program 
and show some typical problems along with the Derive 
keystrokes necessary to explore these problems. We'll 
also include some pictures of what we are seeing on the [| 
computer screen. Ideally, you will type in these ex- 
amples yourself and then go on to try your own prob- 
lems. Good luck ! 


Everyone seems to believe that 2x+3x = 5x even with- 

out instruction in algebra. Almost everyone, with this 
same experience, seems to believe that 2x*3x = 6x. As 
math teachers how do we cope with this conflict be- 
tween our students’ logical instincts and the rules of 
algebra? Before Derive, we would explain that x*x or 
x*X*X OF X#x*X*x can be written in a shorthand way... 

x? or x’ or x". So 2x*3x might be written 2*3*x*x which 
could be 6x2. Now that we have Derive we stilldothe [7 
same kind of teaching but we use Derive to provide the | 
answer to 2x*3x, which “seems to be” 6x7. We suggest | 
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that our students also try 2y*3y or 2a*3a to see if there 

18 a Consistent pattern to Derive’s answers. We also 
Sugeest, when our students have a bit more experience, 
that they try 2a*3b*4e and 2a*3a*4a and 2#(3a+4b). 

We also suggest, very early, that all of our students 

make up their own problems, and that they notice how 
Derive transforms their expressions. We encourage our 
students to show us and others what has happened in 

their work and where they are surprised by the results. 

We also suggest more complex expressions for experi- 
mentation. This may involye solving equations, or fac— 

toring algebraic expressions (or numbers), or plotting ' 
graphs. Using the computer program to show the inher- _ 
ent logic of the math by producing consistent results is 
one of our major applications for Derive. 


Another important use of Derive is simply as a source 

of answers. Like some amazingly powerful calculator, 
Derive will produce answers to numerical and algebraic | J 
problems. What are the roots of x*—1 = 0 or what is 
the graph of 2sin(3x)—1 = y or is 123454321 a prime 
number and if not what are the factors? Like a trusted 

[9th century servant or a medieval knight or a genie 

from a special bottle, Derive is ready to tackle many 
mathematical jobs for its owner. 


Here is a series of sample problems that a user with 
Derive can easily solve, along with the keystrokes that 
carry out these solutions. This is a quick way to get an 
idea of Derive’s possibilities. This list can be a good 
introduction for a user. 
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Sample Problems and Solutions and Keystrokestothe = 
Solutions iE 


1. Factor x*—12x%+35 into linear factors in x. 


keystrokes: A (for Author), type x*2—12x435, Enter, F (for : 2 | | 
Factor), Enter, K (for Rational). ' : - 12 x + = 





2. Factor 123454321 into prime factors. i 


keystrokes: A (for Author), type 123454321, Enter, F (for 


123454321 
Factor), Enter. ; 


aa 
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3. Solve x7—-23x+132 = 0 for all roots. 


keystrokes: A (for Author), type x°2—23%+132=0, Enter, L 3 a =y] 
(for soL.ve}, Enter. x - 232 x + 132 = @ 


“= il 






4. Graph y = x, y= x*, y =x* on the same axes. 


keystrokes: A (for Author), 
type y=x, Enter, A (for 
Author), type y=x"2, Enter, 
A(for Author), type y=x"3, 
Enter, W (for Window), 5 (for 
Split), V (for Vertical), Enter, 
type key Fl (to move to the 
graph window), W (for 
Window), D (for Designate), 
type 2 (for 2D-plot), y (for 
yes), P (for Plot), A (for 
Algebra), arrowup, P (for 
Author), arrowup, P (for retnerne 
Piot),P (for Phot). er ari wil Scale wil ett Derive Ji-plo 
If your 2D graphs ever look raggedy, correct this by 
typing O (for Options), D (for Display), G (for Graph- 
ics), Enter. To close a window type W (for Window), C 
(for Close), Enter. 
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5. Multiply out (y-13)(y+5) 


keystrokes: A (for Algebra), A (for Author), type (y—13)(y+5), 
Enter, E (for Expand), Enter. 


y - 13) (y + 3) 





6. Solve x®—-1 =0 


keystrokes: A (for Author), type x*6—1-0, Enter, L. (for 
solve), Enter. 









7. Use Derive to make lists of mathematical objects that 
can help our mathematical understanding. 


keystrokes: A (for Author), 
type vector(kn, k, 1, 10), 


VECTOR (k n, k, 1, 18) 
Enter, $ (for Simplify), Enter. cm: 


i] 


| Fee ii oe ree 2 he ff 


VECTOR te n, 1, 18) 


e 3 4 3 6 7 86 8 
2: ee SG ae ee ae ee 


d 23945678 38 w, 
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keystrokes: A (for 
Author), type 
recior(x"n, n, 1, 
10), Enter, S (for 
Simplify), Enter, 
C (for Calculus), 
D (for 
Lifferentiate), 
Enter, Enter, 
Enter, § (for 
Simplify), Enter 








We have created a family of polynomials and their : 
corresponding derivatives. For a new student of calcu- | 
lus these results could be studied and patterns found. 


Another kind of list can be created by the command i 
iterates. If we take x = 0.3, and calculate the cos(0.3) 
and cos(cos(0.3)) and so on... we are doing by hand 
what iterates does automatically. 


iis 
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keystrokes: A (for Author),type (4: [TERATES (COS (x), x, 8.3, 4) 
iterates(cosx, x, 0.3, 4), Enter, 2: LC paca 2 
(for approX), Enter. 

Notice that we generated five terms when the last op- 

tion was four. Try it yourself with the last option set for 

eight. Can you predict a pattern? 


If we want to study powers of a number, for example 2: : 








keystrokes: A (for 


ae r), type a tz, 4, 0, le, 32, 64, 128, IE, Te, Woe, 2eee, 46561 
vector(2*n, n, 12), at VECTOR ((0 16 in 2 *), COS in *), TA (hy 2 *), COT fa SB 431, wo, &, BF 
Enter, 5 (for Simplify), = —— i = = 





We can look at this list and find patterns .. . add up 
the digits in each number. 


We can generate a list of trigonometric values in a 
similar fashion: 


keystrokes; A (for Author), type vectori([sin(n* 30deg), 
cos(n* S0deg), tan(n*30deg), cot(n*30deg)|, n, 0, 6), Enter, 5 
(for Simplify), Enter. 





If you want to study binomial expansions you could try: 


keystrokes: A (for Author), type vector{ (a+b)*n, n, 5), = 
Enter, S (for Simplify), Enter, E (for Expand), Enter twice. 4 


z 3 - : 
Br Cc. ek. ca a BSe. ta aS, tale be, tae 


a z 2 a « 3 . $ 
a laches ¢2abeh pa #38 be dab eh, a #44 be6a bh ea ad wf 





Since this last list is longer than one line, hold down the : 
Ctrl key and tap arrowright to scroll to the right. Or, ap | 
arrowrizht, to highiight the first expression, and | 
aeen eit again to see he next term oe s0 On. 
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If you want to generate a list of expressions which can 
then be graphed, the vector command will do it. We'll 
create a list of parametric expressions (the first term is 

the x value and the second term is the y value), The plot [ 
command will allow us to plot a list of expressions. 


keystrokes: A (for Author), 
type vector([(cost)*n, 
(sint)*n)j, n, 5), Enter, S (for 
Simplify), Enter, W (for 
Window), § (for Split), V (for 
Vertical), Enter, tap key F1 
(to move to the second 
window), W (for Window), D 
(for Designate}, 2 (for 2D- > pcr clone tay", som 64977, om, oD 
plot), ¥ (for Yes), P (for Plot), ,} 
tap Enter 5 times, tap key F9 
(to 200m in), 


The plot five times is a aaa 
temporary work-around; it Fre: xi'™ Scale 5:80 
allows us to plot more . : 
than one parametric at a 
lime. 


You can also generate a 
list of regular Cartesian 
plots and plot them all at 


+ wecron clogs cay”, gam cao"], wn, 30 


once. Many nice effects Cauca 

are possible: amar om ca 

C1: iar” fin “a 

keystrokes: A (for Algebra), 9} = | me co" am ci" 

A (for Author), type Bin t4 
vector(n*x, n, —4, 4, 1/4), 


Enter, § (for Simplify), Enter, ||... ay 
P( for Plot), D (for Delete), A [L_____s__ 3s 
(for All), P (for Plot). 


gié,3 
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Vector is helpful for making a list of decimals, for exami- 
nation, with enough decimal places to see what's hap- 
pening. 


keystrokes: A (for Algebra), A (for : i, 7 
Author), type vector((n, Un], n,23, 33, [5! vector [[n, —]. n, 23, 33, of 


8. Sear Oeeos ont Tas Se rereereee 


1), Enter, O (for Options), P (for 
Precision), Tab, type 33, Enter, X (for 
approXimate), Enter, tap key Fl, W 
(for Window), C (for Close), Enter. 


After changing the Precision to a 
high value, don't forget to change 
it back to 6 digits, the default 
case. 


A vector of vectors is a matrix, in 
Derive. Normal matrix operations 
are available. We may define a matrix, m, two ways: 





SReNpEy ERS? 


keystrokes: A (for Author), type m:=([1,2], [3,4], Enter, tap D 
(for Declare), M (for Matrix); if the word Insert is on lower part 
of the screen tap Insert, type 2; Tab, type 2, Enter, type w, 
Enter, type x, Enter, type y, Enter, type z, Enter, A (for 
Author), type p:=, tap key F3 (to copy), Enter, A (for Author), 
type 2m, Enter, 5 (for Simplify), Enter. 


Try lots of combinations ... m* or m+p or m.m (use a 
decimal point for matrix multiplication), l/p or p' for 
inverses or 2p+3m. In each case S (for Simplify) will 
carry out the action. 





If we are investigating polynomials of the form x"—1, 
where n is a natural number, and how these polynomi- 
als factor, we might create the following vector and act 
on it: 
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keystrokes: A (for Author), type vector(x*n—1, n, 4), Enter, 5 
(for Simplify), Enter, F (for Factor), Enter, R (for Rational) 









ni 





| 2 2 
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Ik - 4, O- 2) (x #1), ¢x - b> Gr kaa (x - 1) (#2) Ge 003) 


If we believe there’s a pattern to the results when x*-1, | 
x"—1, and x*—1 are factored, then we can try: 4 


keystrokes: A (for Author), type vector(x*(2*n}-1, n, 3), Enter, 
5 (for Simplify), Enter, F (for Factor), Enter, R (for Rational), 


VECTOR L2 - 1, aA, 3] 


5 


2 4 
ix -1,™ -1, x 





8. Use the calculus definition of slope to analyze the 
slope of y = sin(x). 






SIM (x # hd) - SIM (x) 
x + h- x 


keystrokes: A (for Author), type (sin(x+h}-sinx)/ 
(x+h—x), Enter, C (for Calculus), L (for Limit), 






Enter, hold down Del key until clear, type h, Enter, PY SIN (x + bh) - SIN (x) 
type 0, Tab, A (for Above), Enter, § (for Simplify), - hig x + h- x 
Enter, ie 







i cos (x) 
9. Solve 3x+5 = 21 using step-by-step methods. | 
: a3u 4 5 = 21 

42: (2x +5 = 21) - 5 
: 3xu = Lé 





keystrokes: A (for Author), type 3x+5=21, Enter, B (for 
Build), Enter, tap -, arrowleft, arrowdown, arrowright, Enter, 
D (for Done), S (for ee Enter. 
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keystrokes: B (for Build), Enter, type /, arrowleft, arrowdown, 
Enter, D (for Done), § (for Simplify), Enter, X (for 
approXimate), Enter. 


10. Factor x*+1 to linear factors using complex num- 
bers if necessary. 


keystrokes: A (for Author), type x*4+1, Enter, O (for 
Options), P (for Precision), E (for Exact), Enter, F (for Factor), 
Enier, R (for Rational). 





Derive returns the same expression that we putin,so | 


no factoring of x*+1 with only rational numbers is i 
possible. We'll now try Factor- raDical. ie 


keystrokes: F (for Factor), Enter, D (for raDical). 


We see that it was possible to factor if we 
used radicals. We'll now highlight the 2 fac- 
tors separately, and try to factor them allow- 
ing complex numbers. 





keystrokes: arrowlefi, F (for Factor), Enter, C (for Complex), 


arrowright twice (to highlight x\(sqrt2)x+1), F (for Factor), i 


- SA] ——o ie -WReD 





There are so many paths opened up by this single tiny 
project that I am left breathless!! 


11. Change (1+i)" to normal complex form. 


keystrokes: A (for Author), type (1+, hold down the Alt key and 
type i, type )*13, Enter, 8 (for Simplify), Enter. 
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12. Solve sin(x) = cos(x) by graphical methods. 


keystrokes: A (for Author), 
type sinx, Enter, A (for 
Author), type cosx, Enter, 
W (for Window), § (for Split), 
¥ (for Vertical), Enter, Fl, 
W (for Window), D (for 
Designate), type 2 (for 2D- 
plot), ¥ (for Yes), 

A (forAlgebra), P (for Pilot), 
P (for Plot), A (for Algebra), 
arrowup (to highlight sin(x)), 
P (for Plot), P (for Plot). 





Now you should have 2 a 

graphs on the same grid. i feale nit wt berive o- vt 
The way your picture looks | _ 
depends on 3 settings: Scale, Option-Accuracy and 

Ticks. I'll suggest settings now that work nicely and ['ll 

continue through to the end. You might try later to vary 

the settings, in this context, to see what happens. 


keystrokes: § (for Scale), type 1, Tab, type 0.5, Enter, T (for 
Ticks), tap Del to clear, type 2, Tab, tap Del to clear, type 5, 
Enter, tap 0 (for Options), A (for Accuracy), type 6, Enter. 


Now we'll move the marker (+) on the screen to a 

point where the 2 graphs cross. Look on your graph : 
screen and press the arrow keys and you'll probably see _ 
the marker moving. If you don’t see it, tapthe Home = 
key to bring the marker back to (0,0) and then tap the 
arrow keys. For faster motion use PgUp and PgDn for 

the vertical motion and hold down the Ctrl key and tap 

the arrowleft and arrowright keys for the horizontal. 
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Arrow to a point where the 2 graphs cross; read the 
lower left of your screen to learn the x and y values of 
the marker (+). My reading is x: .775 y: .6785. 


keystrokes: A (for Algebra), 

A (for Author), type.775, 
Enter, tap key FI (to return to 
arrowright until the marker (+) 
crossing and then arrowlefl or 
right alone to move closer (if 
(+) as close as you can then tap 
C (for Center)). 





My HEX! X reading is 3.925 oo6 mie. FF uh bOTS foals eck wae ferive B-plet 
and the y reading is = : 
—.6785. 


keystrokes: A (for Algebra), A (for Author), type 3.925, 
Enter, B (for Build), Enter, type —, arrowup (to highlight 
0.775), Enter, D (for Done), X (for approXimate), Enter. 


A new game to go with all of the above little bits: 


keystrokes: Tap Fl key (to move to the graph window), hold 
down the Ctrl key and tap arrowlefi twice. 
This action seems to move the marker(+)totheleftl 
unit. If the next crossing is about 2x or 6.28 units tothe 9 
left of our crossing at (3.925, —.6785) then: | 


kevsirokes: Hold Ctrl and tap arrowileft to move 5 more units to 
the left (or 10 key presses) and then a few taps on arrowleft 
alone to come up close to the next crossing. 


11 
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If you're off the screen there is no problem because you 
then... 


keystrokes: Type C (for Center) 
See if you've predicted correctly! 
13. Solve problem 12 by analytic methods. 


keystrokes: A (for Author), type sinx=cosx, Enter, L (for 
solve), Enter. 


14. Find the limit of sin(x)/x as x approaches 0. 


keystrokes: A (for Author), type sinx/x, Enter, C (for Calculus), - 
L (for Limit), Enter, Enter, type 0, Tab, A (for Above),Enter,S | ,.  _SIM G0 


(for Simplify), Enter, x 
| SIM (x) 
15. Solve force = mass*acceleration for mass: for ac- x 





celeration; for force if mass = 12 g and acceleration= | 3: 

9.8 m/sec? pe 
keystrokes: 0 (for Options), I (for Input), W (for Word), SS SS SS 
Enter, A (for A ) type t force = — acceleration 
O (for Options), P (for Precision), E (for Exact), Enter,L(for |g: mass = Seen renemanee 
soL.ve}, Enter, hold down Del key to clear, type mass, Enter. acceleration 

a : ) = force 
keystrokes: L (for sol.ve), Enter, Enter. Ph SOnenee sn aes 
§ : force = 12 3.8 

keystrokes: Arrowup (to highlight force=mass acceleration), 588 


M (for Manage), § (for Substitute), Enter, bold down Delkey |[5: force = 
to clear and type 9.8 if you just erased acceleration or 12 if te 
you just erased mass, Enter, if SUBSTITUTE variable: is 6: Sa seers 
force press Enter, if mass hold Del to clear and type 12, | 

Enter, S (for Simplify), Enter, X (for approXimaie), Enter, 

when you're finished change back to Character Mode... 0 

(for Options), I (for Input), C (for Character), Enter. 
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16, Factor 64x°—125y° 


keystrokes: A (for Author), 
type 64x °6—125y "3, Enter, F (for 
Factor), Enter, Enter, R (for Rational). 





17. Define a function that will give 
the distance between 2 points, (a,b) and (c,d). Use this 
function to find the distance between (17, 11) and 


keystrokes: D (for Declare), F 





DISTAMCE (a, b, c, dd i= Jtte - a #dd- b)”) 





(for Function), type distance, 

Enter, hold down the Alt key and DISTANCE (17, 11, -5, -13) 
tap Q (for the square root sign), 2 W265 

type ((e—a)“2+(d—b)*2), : ‘maw 

Enter, A (for Author), type . —— _ af 





distance(17,11,—5,—13), Enter, 5 
(for Simplify), Enter, X (for approXimate), Enter 


18. Find the slope of 2x—3y = 13 by non—calculus 
methods; use the form y = mx+b, with m as the slope 
and b as the y intercept. 


keystrokes: A (for Author), type 2x—dy=13, Enter, O (for Sec sees aaes 
Option), P (for Precision), E (for Exact), Enter, L (for solve), 

Enter, tap Del key until clear, type y, Enter, E (for Expand), 
Enter, Enter. 


_ #xu- io 





50, it looks like the slope is 2/3. 


13 


Why We Really Like Derive! 
Chapter 1 


19. Graph the circle 
x*+y" = 1. 


keystrokes: A (for Author), 
type x"2+y*2=1, Enter, L (for | 
solve), Enter, type y,Enter,W |] 
(for Window), § (for Split), V 
(for Vertical), Enter, tap key 
F1 (to move to the next 
window), W (for Window), D 
(for Designate), 2 (for 2D- 
plot), y (for yes), P (for Plot). 





oe isis CRAVE grap MD! TT Center Gelete Help Mowe Options Piet Galt feale Tiake Windew loom 
the top of the circle. ster option 
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keystrokes: A (for Algebra), arrowup (to highlight 
y=sgrt(1—x*)), P (for Plot), P (for Plot), 


20. Find the sum of the numbers from | to 10: from 
1 to 20; from 1 to 30; from 1 to n. 


keystrokes: A (for Author), type k, Enter, C (for Calculus), § 
(for Sum), Enter, Enter, Tab, type 10, Enter, § (for Simplify), 


keystrokes: Arrowup once, A (for Author), tap key F3, hold 
down Ctri and tap A twice, type 2, Enter, 5 (for Simplify), 
Enter, arrowup once, A (for Author), tap key F3, bold down 
Ctrl and tap A twice, type 3, Enter, § (for Simplify), Enter. 


keystrokes: A (for Author), type k, Enter, C (for Calculus), 
5 (for Sum), Enter, Enter, Enter, 5 (for Simplify), Enter. 
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21. Find the slope of y = x*, by graphical methods, at 
the points (1, 1), (2, 4) and (3, 9). (Here we use Derive 
as a mathematical microscope!) First, we'll open up a 
graph window: 


keystrokes: W (for Window), S (for Split), V (for Vertical), 
Enter, tap key F1 (to move to the next window), W (for 
Window), D (for Designate), 2 (for 2D-plot), type y (for yes), A 
(for Algebra). 





Now we'll work on the graphs. 


keystrokes: A (for Author), type y=x"2, Enter, P (for Plot), M 
(for Move), tap down Del to clear, type 1, Tab, tap Del to clear, 
type 1, Enter, C (for Center), § (for Scale), type 0.001, Tab, type 
0.001, Enter, T (for Ticks), type 1, Tab, type 1, Enter, P (for 
Plot). 


By moving close to the graph y = x* at (1,1), we notice J-- 
that the curve seems rather straight. The marker (+) is 
at (1, 1) so, by eye, move to the nght | space (or one I Hs 
grid dot) and up 2 spaces to arrive again at the “curve”. ]---- 

The slope is 2/1. 


Now we'll move to the point (2, 4) which is also on the | reas 
curve y = x’, 


keystrokes: M (for Move), type 2, Tab, type 4, Enter, C (for 
Center). 


We are now looking closely at the same y = x* with (2, 
4) as our center of focus. Count overtothe right] and | 
up 4 to meet the “curve” so the slope is 4/1 (the “curve” | 
does seem steeper here at (2, 4) than before at (1, 1)). 
Try the same process to focus on (3, 9) or anywhere 
else on the “curve”. Try the same process for different Se paw a 
functions; for example y = x° or y= 2x7 or y=e*ory= 7 --..---0f.--- 
sin{x) or... 
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22a. Find the area between y = x and y = 0 and x = 1, 


keystrokes: A (for Author), type x, Enter, C (for Calculus), I 
(for Integrate), Enter, Enter, type 0, tap Tab, type 1, Enter, § 
(for Simplify), Enter, 


Questions 22b and 22c are given without keystrokes. 
You need to do almost exactly the same as the key- 
strokes for 22a. 





22b. Find the area between y = x? and y = 0 and x = 1, 
22c. Find the area between y = x and y = 0 and x = 1. 
Maybe a little graph would be nice, 


keystrokes; W (for Window), 5 (for Split), V (for Vertical), 
bold down the Del key to clear, type 34 (to place the 
line segment 34 units (out of 80) from the left), Enter, tap key 
Fl (to change to the graph window), W (for Window), D (for 
Designate), type 2 (for 2-D plot), y (for yes), T (for Ticks), tap 
Del to clear, type 4, Tab, tap Del to clear, type 9, Enter. 


highlight x), P (for Plot), P (for Plot), A (for Algebra), 
A (for Author), type [1,¥], Enter, P (for Plot), P (for 
Plot), hold down Del key to clear, type 0, Tab, bold 
down Del key to clear, type 1, Enter. 


keystrokes: A (for Algebra), arrowup, arrowright (to 






This picture shows us the area enclosed by 
y=x, the x axis and x=1. We can see that the 
answer of 1/2 for the area is a reasonable 
result. 


Why We Really Like Derive! 
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keystrokes: A (for Algebra), A (for Author), type x*2, 
Enter, C (for Calculus), I (for Integrate), Enter, Enter, 
type 0, Tab, type 1, Enter, 5 (for Simplify), Enter, 
arrowup, arrowright (to highlight x"2), P (for Plot), P 
(for Plat). 


My picture is small so I'll move the marker 
(+) with the arrow keys to the center of 
action, 


keystrokes: C (for Center), tap key F9, tap key F9, C 
(for Center) to have a better look. 


Try it yourself. 


keystrokes: A (for Algebra), A (for Author), type x ay, 
Enter, C (for Calculus), I (for Integrate), Enter, Enter, 
type 0, Tab, type 1, Enter, § (for Simplify), Enter, 
arrowup, arrowright (to highlight x*3), P (for Plot), P 
(for Phot). 


23. Derive can work in base 2 through 36. 
Here we will change base 10 input to base 2 
output and try it on the number 32 and also on 
factoring x*—1. 





a 


keystrokes: © (for Options), R (for Radix), Tah, tap Del to 
clear, type 2 (for Output), Enter, A (for Author), type 32, 
Enter, A (for Author), type x"4—1, Enter, F (for Factor), 
Enter, R (for Rational). 





When you're finished with this exercise change the 
radix back to 10 for the input and 10 for the output. 
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naa aaa 





24, Change sin(2x) into an equivalent statement pre- 
dominantly in terms of sinx. Do the same for sin(4x) 
and sin(6x). 


keystrokes: A (for Author}, a 
type sin(2x), Enter, M (for SIN (2 x) 
Manage), T (for Trigonometry), + 2 SIM (x) COS (x) 
E (for Expand), § (for Sines), : SIN (4 x) 
Enter, 5 (for Simplify), Enter, } 
— | (4 SIN (x) - 8 SIN oo") COS (x) 
keystrokes: A (for Author), |3; SIN (6 x) 

type sin(4x), Enter, § (for 





Simplify}, Enter. fo 
keystrokes: A (for Author), type sin(éx), Enter, § (for 
Simplify), Enter. 


25. Investigate a nested function of the form 1+1/x. 


keystrokes: D (for Declare), F (for Function), type phi, Enter, 
Type 1+1/x, Enter. 


This is the end of round 1. 
keystrokes: A (for Author), type phi(phi(x)), Enter, 


This is the end of round 2. 





keystrokes: M (for Manage), 8 (for Substitute), Enter, Del 
to clear, F3 (to copy), Enter, 





‘PHI ¢PHI (PHI (PHI ¢x)}}) 


This is the end of round 3. At the end of round | we i\ 
had | level; at the end of round 2 we had 2 levels; at the | § 
end of round 3 we had 4 levels and at the end of round | 

4 we would have & levels. 
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To see a number which is an approximation for the 
value of phi: 


keystrokes; M (for Manage), 5 (for Substitute), Enter, Del to 4a: 
clear, type 1, Enter, S (for Simplify), Enter, X (for approX), 
Enter. 


PHI (PHI (PHI (PHI (1399) | 





This can all be automated: 


keystrokes: A (for 

Author), type 

iterates{1+1/x, x, 1+1/ 3 
x, 5), Enter, F (for a+ 2 L 13 x 4 
Factor), Enter, R (for | | Gx +5 
Rational), M (for " 14, 9148 
Manage}, 5 (for | L Les’ +1 ° eis 
type 1, Enter, S (for 





Simplify), Enter. 


26. Investigate y = x"", y = 2* and y = 3* to see where 
they might intersect. 


keystrokes: A (for Author), type 


vector([x, x°10, 2x, 3*x], x, 10, 60, Pe ee ee 
10), Enter, X (for approX), Enter. 18 
13 6 og 
From the resulting table we can 1.024 10 1.04857 18 3.48678 19 
see the general region for each 39 «5.9009 10° 1.87274 18 2.e5091 10" 
of the functions crossing. For x" | lé | 12 19 
and aa we might run the same 1.04857 10 1,@99351 1 1L.zZ1376 18 
a ) 16 15 23 
vector expression between 455 2 9.76562 18 1.12585 18 7.176896 18 


i? i6 28 
6.04661 18 L.L5292 16 4.29901 16 


and 60. 





I first heard of this problem at 
the Exeter Conference on Secondary Math Teaching 


and Computers. | would recommend this stimulating 
group to any math teacher. : 
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keysirokes: A (for Author), type vector([x, x" 10, 
2*x}, x, 55,60), Enter, X (for approXimate), Enter. 








2.90295 iat’ 





; 2.60287 10°" 
From this table it looks like y=x"" and y=2"* 


ss Peas i7 So 
must cross between x = 58 and x = 59, The a Smee a aoe i 
chase could be narrowed as far as we like. Fe 5? 3.62033 10 1.44115 18 
17 1? 
oa 58 4.30004 19 2.86228 10 
27. Integrate La(x") with n going from 1 to 5 . 17 1” 
59 5.11116 18 5.76460 10 


6. M4661 ia 





Derive is quite good at indefinite integra- 
tion, as you'll see here. It’s also true that 
many functions “distribute” across vectors (like Factor, 
Differentiate, Integrate, Sum, Limit, Expand, 
approXimate and Plot. 





L. Lage 1e°* 


keystrokes: A (for Author), type vector(In(x*n)n,5), Enter, S 
(for Simplify), Enter, C (for Calculus), I (for Integrate), Enter, 
Enter, Enter, S (for Simplify), Enter. 


VECTOR (LN (x), fi, 33 


2 4 
[oy tx), LM (x), LNG), IN Ge), LN GoD) 


ae 3 4 4) 
J Ga oo, IN Oe), IN G0), IN Ge), EN GOD] ax 





This series of problems was designed to show the power 
and versatility of Derive. How you use Derive is impor- 
tant to the author. Whether you are a 5th grader, dt 


an engineer or physicist or math teacher, a college or 
high school or junior high school student, I am inter- i 
ested in your favorite uses for Derive. Please let me ii 
know about your progress. i 

I 
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With a computer program like Derive you can have 
some fun with calculating and may have insights. Let's 
start with an example: 25*16 = 400. 


keystrokes: A (for Author), type 25+16, Enter, 5 (for Simplify), 
Enter. 





In Derive, multiplication appears on the screen as a 

space between the two elements. When you are typing a 
multiplication problem into Derive, you can use either 
the space or the *. 


How do we do this calculation in our head? Well .. . 
another name for 25 is (1/4)*100s0...25*16= 
(1/4)* 100* 16 = 100#(1/4)* 16. So now 25*16 can be 
done mentally. (1/4)*16=4 and 100*4 = 400, so 
25*16 = 400. 


Let’s try the same technique on 25*12 = (1/4)* 100*12 

= 100#(1/4)*12 = 100*3 = 300. 

Try 25*32 25#24 2544. Make up your own and 
teach a friend how to do this. Teaching is a great way to © 
learn! : 


Use Derive to check your mental calculations and also 
to record your results. 


Now that you can do 25*12 in your head, how about 
75*127 If 75 = 3*25 then 75*12 = 3*25*12 so 
3%((1/4)* 100)4 12 = 3*((1/4)*12)* 100 = 3*3*100 = 
3*300 = 900. 

Here’s 75*28 the same way: 

75*28 = 25*3*28 = 3+(1/4)*100#28 = 3*100*7 = 2100, 
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Try 75*24 75#36 75*44. 


Make up your own. Use Derive to check and record 
your results. 


If 25*12 = 300, then 25*13 must be 25*(12+1) = 
2541242541 = 300+-25 = 325. 


Try 25*17 25*25 25*33 25*41 25%*101 25+R9, 
What about 25+15? 


If 25*16 = 400, then 25*15 = 25(16—1) = 400-25 = 
375. 


Try 25*23 25*31 25443 25*7 25*47 25«87, 
And what about 25*18? 

23*16 = 400, so 25*18 = 25(16+2) = 400+50 = 450. 
Try 25426 25%34 25*46 25*54 25#22 25*66. 
Could we do 75*23 mentally? 


75*24 = 3*25*24 = 3#600 = 1800. So... 75#23 = ; 
75(24—1) = 1800-75 = 1725. : 


Try... 75*17 75*25 75%31 7537. 


Now we'll mix them all together... see if youcan sort 79 
them out. 25*48 75#36 2513 7514 754#48 
25*49 75*49, 


Practice these for five minutes a day and they will be- 
come simple to do. Teach a friend how to do it and 
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YOU will improve. Look for patterns like these and 
write to us and share your discoveries. 


New patterns of calculation...9*11 19#21 29%31. 

Use Derive to record these statements, do your mental 

calculations, and use Derive’s answers to check you 

work. ‘ 
keystrokes: A (for Author), type 9*11, Enter, S (for Simplify), Te 
Enter and so on for the others. : 

Let's pause and look at the pattern of the statements: 

9#11 1921 29231 and so on. What would be next? 

And after that? And then? 


Now look at the pattern in the products. 
Guess the next result! 39*4] = ‘777! 


Well. ..99 399 899 seems to indicate the calculations — 
all will end in 99, Our next job is tolook fora pattern © 
in the digit(s) in front of the 99, 0 3 8. Since 0 to 3 is 

3, and 3 to 8 is 5, maybe the next step is 7. 99, 399, 

899, (8+7) and then 99 producing the next number, 

1599. So 39*4] = 1599. Next 154+9 = 24, so 49*51 = 
2499 ... Keep going. 


Try 8#12 18*22 28#32. Use Derive to build up this 
record and then guess the next and record your guess. 


keystrokes: A (for Author), type 38*42=, type your guess here, 5: 38 42 = 1596 
Enter, § (for Simplify), Enter. i | 





| 6: 1596 = 1596 
Keep going with the next question in the sequence and © 
your guess. As always, there's more than one pattern 
here. The more you look, the more you'll find. 
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Try 7#139 17#23  27*33 and so on. 

Try (1O—1)(10+1) = 107-17 (20—1)(20+1) = 207-1. 
(n—1)(n+1) =n*—1*. (n—a)(n+a) = n*~a?. 

Patterns and Calculating with Powers. 

3*4+4* = 5* seems to be true. 


keystrokes: A (for Author), type 3*2+4°2 = 5°2, Enter, S (for 
Simplify), Enter. 
Try 4457= 67 2%437=4? 6%487=10? 297430? = 
31 O*+127= 157? nfétin+ly¥= (n+2)* 





Which ones were TRUE? Follow up .. . push it 


Try (3n)*+(4n)? =(5n)* 1942943? = (14243) 
(1'+274+374-4") = (1424344)? (n—1)*4+n4-(n4+1)? = (Gn) | i 


Fractions and Decimals. 


Derive is a great place to experiment with fractions and 
decimals. If 1/4 = .25 then 2/4 must be .50 and 3/4 must be 
73 Who needs a computer? Who knows 1/8 as a 
decimal? Not everyone. But everyone knows 2/8 = .25 
because 2/8 = 1/4. q 


. 1/8 is half of 2/8 and therefore 1/8 = 1/2 of .25 or 
L/2 of 250 =.125. Now 3/8 is easy ... it's 1/8 + 2/8 or 
.125 + .250 = .375. And so on. 


Who knows 1/12 as a decimal? Not too many. 2/12? 
Stull a problem. 3/12? No sweat! 3/12 = 1/4 = .25 or 
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.250 so 1/12 is .250/3 = .0833 or (8 and 1/3) hundredths 
so 2/12 is .16666 or (16 and 2/3) hundredths and so on. 


Try the same process on 1/16,2/16...(The trick we [Jf 
learned with twelfths is to try an early problem, say 1f/ > | 
12, and if it seems hard, then move on to 2/12, which we 

also don’t know, and then go to 3/12 which we do know. 
Don't stop at the fraction you don’t know ... move on 
until you find one you do know and then work back- 

wards (this gives hindsight). Now you're ready to do 

the | 6ths. 


Try 1/7 as a decimal. Who knows? 2/7? 3/7? 


4/7)... this is not getting better. We need a new ap- 
proach. 


keystrokes: A (for Author), type 1/7, Enter, S (for Simplify), 
Enter, X (for approXimate), Enter. 





This result of 1/7 to 6 decimals is not exactly what we 
want. Maybe 80 decimals or so would be better. 





keystrokes: © (for Options), P (for Precision), Tab, tap Del to ft 
clear, type 80, Enter, arrowup to highlight 1/7, X (for 
approXimate), Enter. 





@. 1428571420571 42037142857 1420571429597 142057142057 142057 428571 428571428971 4289714 


Now we can see what's happening. Try 2/7 and 3/7 and 
look closely at the decimals in each case. Patterns, pat- : 
terms ... guess 4/7 and 5/7 and so on. Say the digits in 

1/7 out loud... listen to yourself... one, four, two, s 
eight, five, seven, one, four, two, eight... NOTICE... | 
NOTICE. You can do it. It’s like a secret world that has © 
been there waiting for your eyes to see. PREDICT i 


= snoma Sa eS 
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..» PREDICT... and check. Try 1/9,29... 1/11, 
2/11... 1/17, 2/17... 1/37, 237... Keep going! 


More Fractions and Decimals With Another 
Look 


Certain fractions produce interesting results. 
1/3 = .33333333333 ... 


The three dots at the end mean that it continues in the 
same way. Derive can help with these patterns. 


keystrokes: A (for Author), type 1/3, Enter, O (for Option), \) 12: — 
P (for Precision), Tab, tap Del key to clear, type 12, Enter, es 
X (for approXimate), Enter. 





13: @.3333333393333 


As you can see, we can control how many digits appear. ‘ 
So 1/3 has 1 digit repeating as a decimal. Look for 
other fractions whose decimal representation is 1 digit © 
repeating. Can you find fractions whose decimal seems 7 
to be just 2 digits repeating? 3 digits? 5 digits repeat- 
ing? 


Let's turn the question around. If I present a decimal 
like 0.37, can you make that into a fraction? Easy: 
37/100. How about .3737? Easy again: . .. 3737/10000. 
OK, how about 0.3737 ... (This means 0.37 continues 
forever)? It’s hard to believe there is a simple fraction ! 
which equals such a decimal. Go hunt for it. Use De- lf 
rive to help your search. Look for a long time and li 
you'll learn a lot. q 


Now that you've had your fun hunting (with or without 
success) here is the lovely analysis that came about ina ~ 
conversation at Urbana High School in Urbana, Ili- : 
nois. | was preparing a class of future high school math 
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ing each day at the local high school. Sometimes we 
worked with high school students and sometimes 
among ourselves. A university student said he'd forgot- 
ten the procedure for changing repeating decimals to a 
fraction, I said, Let’s invent a new way (Maybe I'd for- 
gotten the standard procedure, too.). 


We looked at 0.3737 ... and asked what's an approxi- 

mate answer? We immediately came up with 37/100. ' 
We asked, “Is this too big or too small?” Well 37/100 is © 
0.37000, so it’s smaller than 0.3737... : 


OK, how do we make fractions bigger? Just two ways: 
make the top number bigger (in this case, 38/100— 
which is too big) or make the bottom number smaller 
(37/99). We were both shocked to find that 37/99 was 
exactly correct. 


keystrokes: A (for Author), type 37/99, Enter, 





js 


X (for approXimate), Enter. 
Wow! Does that always work? cima 


Try these infinitely repeating decimals. See if you can 
find fractions that equal them. 


Try 0.2424... or 0.1313... or 0.9797... or 0.0707... 
or 1.6262 ... or 0.379379... or 0.0264264 ... or 
13.0043924399 ... They can be done. Were we excited! 


That's the real reason for studying math: the excitement 
that comes when an idea that is new to you appears. 
You never know when. Let's see: 1.6262... would be 

1 + 62/100 = 1.62, so 1 + 62/99 should do it. 
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Let's try 0.0264264. Start with 264/1000 = 0.264. So 
264/999 = 0.264264 .. . If | now divide by 10, then 
264/9990 might do it. Make up new and better ways. 
Write to us when you find one. It’s great when you 
make your own discoveries. | 
Our precision has been set for 12 digits. A good habit | | 
to develop is to change the precision back to 6 digits as 
soon a possible. Otherwise, you may be graphing a 
function and Derive will take much longer than neces- 

sary because the precision is set too high. 
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Graphs are an important part of math exploration, and | 
Derive can help. First we'll show youhow tosetupa [9 
most useful screen arrangement. | 


keystrokes: W (for Window), DE ee 
S (for Split), V (for Vertical), ) 

tap the Enter key, tap key Fl 
(across the top or at the beft 
edge of your keyboard), W 
(again for Window), D (for 
Designate), type 2 (for 2D— 
Plot), © (for Options), D (for 
Display), G (for Graphics), H 
(for High), choose your 
monitor, Enter, 


This arrangement of an 
algebra screen at the left Porewre| AAEM Conver Delete Orin Meew Opttons Fist Gult Seale Ticks Window Geen 

and a graph screen al the z ee wid ha Berive EP-rlath 
right is the setup that we 
use 90% of the time. De- 
rive is capable of support- 
ing many separate win- 
dows; I don't suggest that 
you do this until you have 


keystrokes: A (for Algebra), A 
(for Author), type Zx—1, tap 
the Enter key, P (for Plot), 

P (again for Plot). 


Here you see the graph of ¥ fon :. Center Delete Maly 

= 2x—1 or fix) = 2x—1 td ati 

depending on which nota- | 
tion you prefer. Notice that the graph crosses the verti- © 
cal or y axis at the point (0,—1) and the pattern on the 
graph is to the right | tick and up 2 ticks. Try graphing 
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3x—1 and 4x—1 and 0.5x—1 to see what pattern contin- 
ues and to get comfortable with making graphs with 
Derive. 


keystrokes: A (for Algebra), 
A (for Author), 3x—1, tap the 
Enter key, P (for Plot), 

P (again for Plot), 


keystrokes: A (for Algebra), 
A (for Author), type 4x--1, 
Plot). 


keystrokes: A (for Algebra), 
A (for Author), type 0.5x—1, 
Enter, P (for Plot), P (for 
Plot). 





keystroke; A (for Algebra), A (for Author), type x*2—1, 
Enter, P (for Plot), P (for Plot), 


A big strength of Derive is its ability to manipulate 
graphs quickly and easily. Key F9 allows us to zoom in 
closer to our graphs and 
key F10 allows us to zoom 
out. It's like flying over a 
playing field of graphs in 
an electronic helicopter. 
We can tap the F9 or F10 
keys many times without 
waiting for the new picture 
to emerge. Each time we 
tap P9 3 times we move in 
by a factor of 10. We can 


D: SEM tvviee delete Help Rove Options Mot Galt Seale Ticks Window 





get the same change in the opposite direction for 3 taps 
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on F10. The scale reading under your graph may be at 1 J 


now and if you tap F9 3 times quickly the reading 
should become 0.1 which indicates a move in by a factor 
of 10. Try it now. 


keystrokes: Tap key F9 (to move closer), tap key F9, now tap 
key F10 (to back away). 


Try tapping the F9 and F10 keys slowly, allowing the 
picture to redraw and then try tapping the keys quickly 


ne Sean r a aeeeans ate arasareaietene reanae oe 


twice or 5 times and see if the result is what you expect. | 


Now and then you'll need to clean the playing field of 


graphs. While in the graph window (each section of the | § 


screen is called a window) you can choose to clear off 


all the graphs, just your first graph, just your last graph, : 
or all but your last graph (my favorite). Often, 1 try 2or © 
3 or more versions of a graph before I have what I want | 


and then I remove all but my last graph. 


To work in a window, Derive must be active in that win- 
dow; look at the upper left corner of each window. The 
shaded number indicates the active window. (On most 


machines, the number for the active window appears on | 


a black background. On some machines, however, the 
number will appear to be highlighted or brighter and 
will not have a black background.) You can move for- 
ward among windows by tapping key Fl. You can move 
backwards among windows by holding down the Cril 
key and tapping key F1. Try it now. 


Now you'll try new graphs; the first directions will 
assure a clean field. 
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window, D (for Delete), A (for All), A (for Algebra), A (for 
Author), type 2x+3, Enter, P (for Plot), P (for 
Plot). 


keystrokes: A (for Algebra), A (for Author’, 
type 2x+2, Enter, P (for Plot), P (for Plot). 


If this does not produce graphs that you 
can see, then it may be producing graphs 
outside the present scale of the screen. 
Tap key F10 to back up until the scale 
number on the screen reaches 1. Then the 
graphs should come into view. 

I have to tell you that many times I stared 
at the screen wondering what happened 
to my graphs. A glance at the scale num- 
bers may help. F9 makes the scale num- 
bers smaller and moves us closer and F10 
makes the scale numbers bigger and 
moves us further away. 


Did you notice that the graphs were parallel, that 2x+3 went 


through the point (0, 3), and that 2x+2 went through the 
point (0, 2)? You can locate any point on the graph by mov- 
ing the marker (+) around the screen with the arrow keys 
(when you are in the graph window). 


keystrokes: Look at the upper left of the graph window and see 
if the number 2 is shaded... if yes, carry on... if not, tap key Fl; 
tap the arrow keys up and down and left and right and watch the 
marker (+) move on the graph screen. If you like faster action, 
tap the PgUp and PgDn keys for bigger jumps; hold the Ctrl key 
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After you've seen how you can move on the screen, 
look to the lower left part of your screen which has 


Crossx:i oy: 1 


Your numbers will probably be different from mine. 
These numbers are the x and y values (coordinates) of 
the current position of the marker (+) On your screen. 
This gives us a remarkable tool. For any point on any 
graph that you can locate by eye (easy to do .. . just 
look at the graph and move the marker (+) to that 
point) you can determine easily what the x and y coor- 
dinates are at this point. Wow! There must be hundreds 
of uses for this feature. 


Graph (x—2)(x—1)(x+1) = y and locate where this 
graph crosses the x or horizontal axis. 


keystrokes: Use Fl to make 
the graph window active, D 
(for Algebra), A (for Author), 
type (x—2)x—1)(x+1), tap 

the Enter key, P (for Plot), P 
(for Plot). 


Once your graph appears, 
tap F9 or F10 until the 
scale numbers are |, Then 
tap the arrow keys to move 
the marker (+) to the 
places where the graph 
crosses the x axis. 





If all works well above, you might see a connection 
between the x number of the crossing point and the 
numbers in the expression. . 


saan in" a a Tia ashils's" pss ee a - — = eee nea Aaa EE 
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Opportunities: 


Make an expression whose graph crosses the x or hori- 
zontal axis at 2 and —2. Then check your result by plot- 


Graph x*-4x+3. Locate where this graph crosses thex | 


Graph —x? +3. Locate the crossing points on the x and 
y axes. 


Do these numbers relate to the equation? Ideas?? Can 
you think of your own experiments? Derive is waiting 
10 assist you on your own path to learning. 


Graph x*4+-5x7—33x+27 and see where the graph 
crosses the x axis. 


keystrokes: A (for Author), 
type 1° 3+5a"°2—J3n+27, 
Enter, P (for Plot), D (for 
Delete), A (for All}, S (for 
Scale), tap Del to clear, type 2, 
Tab, tap Del to clear, type 2, 
Enter, P (for Plot), wait for it 
to graph then, A (for Algebra), 
F (for Factor), Enter, R (for 


This graph is a surprising 
result. A cubic expression 


might cross the x axis three fF Py, Expend Tyctee tip fe 
times or might cross it once — —_ 





and be tangent to it once, ig 
or might cross it once... but not cross it twice like this “ff 
graph. Now we'll back away, by changing the scale, to 

try to clear up this mystery. 
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keystrokes: Tap key Fl (to 


move lo next window), 5 (for 
Scale), tap Del to clear, type5, j,. 5,4 
Tab, tap Del to clear, type 100, })_ oe 


2m G&D t&-Diks 
By changing the scalewe [ff &- +n 
see the real picture of this 
function. 


Try creating an expression 
whose graph crosses the x 
axis a few times close to- 
gether and at another 
point not so close. 





Choose a point like (2,3). Move the marker (+) to this 
spot. Make up an expression whose graph will go 
through this designated target point. Try lots of expres- 
sions . .. don’t be discouraged if you miss a lot .. . keep 
trying ... you will get very good at this with practice. 
Move the target point around. Play this game every day 
for a month, 


Try to get 10 graphs through a single point. 


Try to create a graph which goes through 2 chosen 
points. 


Can you create more than one graph that will go 
through 2 chosen points? 


Remove and Delete commands are important for the 
efficient use of Derive. If you're active in an Algebra 
window, Remove allows you to remove one or many 
expressions. If you want to remove a single expression: 


keystrokes: Arrow to the expression you want to remove (to 
highlight it), type R (for Remove), Enter. 


Oe ee oo — — ana yea as 
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If you want to remove several consecutive expressions: 


keystrokes: Arrow to the expression at the beginning or end of 
the sequence you want to remove (to highlight this expression), 
type KE (for Remove), arrow up or down to the end of the 


Be careful with this technique. Go slowly, so that you 
don't do too much damage. 


I have removed an expression from an Algebra window © 
and found its graph later in a graph window. Removing 

an expression from an Algebra window does not re- 

move its graph from the graph window. Graphs are : 
removed only when you are active in the graph window, | 
and by using the Delete command along with All or : 
Butlast or Last or First. 








Derive is prepared to display a great variety of graphs: | 


keystrokes: Tap key Fl (to 


(for Plot), S (for Scale), tap Del [> 





to clear, hold down Alt : 
key and type P, type /2, Enter, \y 


Yes, all kinds of graphs are 
possible... sine is typed in 
aS SIN, Cosine as cos, tan- 
gent as tan, cotangent as 
cot, secant as sec and = 
cosecant as csc. If you ls 
want sine of 2x you need sin(2x), Try sec (2.4x—p) or 





36 


Try sqrt(9—x*) and —sqrt(9—x") . . . lots and lots of 


possibilities. Try ... try. .. 
Tips: 


e Use F9 or F10 to see if your graph is hidden from 
you by being too close or too far away. 

® Use delete to clear away the debris. 

® In the Algebra window, retrieve expressions writ- 
ten earlier using the arrow keys and/or Pgup or 
Pedn and/or Home or end. 

® With Transfer, Save and Load you can return to 
continue earlier work another day. 


The more you do the more you'll learn. Show your 


the screen, do a Delete All and start again . . 
look at the scale to suggest F9's or F10"s. 


. maybe a 


The following sequences will take you through many 
suggestions in a very controlled way. The purpose is to 
spark your thoughts to action. Each of these sequences 
is a separate adventure. 
Clear away the debris be- 
fore you start a new se- 
quence... since your 
source for the graph is still 
in the Algebra window, you | 
can always arrow up and 
plot an earlier expression 








again. 
strokes: A (for Algebra), A 
(for Author), type x°2, Enter, 
W (for Window), § (for Split), 
¥ (for Vertical), Enter, Fl (to ener RTS 
move to the next window), | ee 


2S 
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i | We have used a mono- 


and the 
4 HERCULES.COM driver 


‘| provided with pare * to 
2 Graphs ona CGA moni- 
results to others and new ideas will emerge. Sometimes, | J 
if a graph is taking too long, with nothing happening on © 


tor will not appear to be 


Use the Scale command to 


_ || the F9 key to move in or 
| the F10 key to backup. 
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W (for Window), D (for Designate), 2 (for 2D—plot), y (for yes), 


P (for Plot). 
keystrokes: A, A, type x*2-1, Enter, P,P. 


keystrokes: A, A, type x"2+2, Enter, P, P. 
Are you predicting the next graph? Try it! 


Can you predict the graph of x*—-3? x*+-5? Tap key F10 
to back away for a better look. 


You might change the y scale to see the same graph 
from a different view. 


keystrokes: S (for Scale), Tab, tap Del to clear, type 10, Enter. 
Now change the x scale and see how the graph looks 


different, Experiment with changes of scale until you 
are comfortable with scale and use it easily. 






keystrokes: A (for Algebra), 
A (for Author), type sinx, 
Enter, P (for Plot), P (for 
Plot). 


keystrokes: A, A, type 2sinx, 
Enter, P, P. 


keystrokes: A, A, type 3sinx, 
Enter, P, P. 


Get it? What would 4sinx 
look like? What about 
1.2sinx? —2sinx? Do you 
see what's happening? 





CMG: MTLNMT Cantar Delete Selp Meve Opliona Flat Gult foals Titke Windew Bn 


ni ter apyiss 
ais a) wih, coos foals mth 
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keystrokes: D (for Delete), 

A (for All), A (for Algebra), 
A (for Author), type x, Enter, 
P(for Plot), F (for Plot). 


keystrokes: A, A, type x2, 
Enter, P, P. 


keysirokes: A, A, type x"3, 
Enter, P, P. 


So... what would x* look 
like? ...orx'’?...orx®? ] 


a Con ber ‘Delete fale tere totions Fist Geli Seale Tike Gindaw lan 





Our procedure in this Pree s erie wil Gee _ teas _ wl berive 2-rle! 

chapter has been to pick a : 

econ and then make its 
raph. Derive has a com- | 

sane called Fit, which 

allows us to pick points 

and then find a function 

which fits these points. 





keysirokes: A. (for Algebra), 
A (for Author), type [2.5], 
Enter, P (for Plot), P (for 
Plot), A (for Algebra), A (for 
Author), type 

{-1,1 le Enter, P (for Phat), P 
(for Plot). 





We'll now find a straight 
line function which goes through those two points. 


keystrokes: A (for Algebra), A (for Author), type 
Fit [[x, ax+b], [2,3},[-1,1]]}, Enter, $ (for Simplify), Enter. 


This gives us the straight line function which should go | 4: 
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zht the two plotted points. Plot it and see. 
What happens if we plot sin(x) and 1/sin(x)? 


keystrokes: 5 (for Scale), type 
I, Tab, type i. Enter, A (for 
Algebra), A (for Author), type 
sinx, Enter, P (for Plot), P (for 
Plot). 


keystrokes: A (for Algebra), 
A (for Author), type L/sinx, 
Enter, P, P. 


Notice that Derive, quite 
correctly, has managed to 
not have asymptotic lines. 
Some expensive software 
(unnamed) includes (in- 
correctly) the asymptotes. 


Ticks Mn 





Try the same idea for cos(x) and tan(x) and cot(x) and 
sec(x) and cse(x). Other possibilities are: 1/(x—1), 
L/(x-1)*, W((x—-1)(x+1)), 1x19, 1/01) 9). 


Derive will allow us to plot points and give us achoice © 
of having these points connected or not. We could then © 
try to do the famous Snowflake Curve or polygons i 
with or without diagonals or randomly generated poly- © 
gons. Random walk problems may also be possible. 
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keystrokes: A (for Algebra), 
A (for Author), type x"2, 
Enter, P (for Plot), P (for 
Plot). 


(x—1)*2, Enter, P,P. 





keystrokes: A, A, type 
(x—2)*2, Enter, P, P. 





And, if you have the incli- 
nation, try (x—3)*. .. or 
(x4+3¥ or (x—1.5)*. 





ete Hele noes Options Filed Gait doale Ticks Mindas Eeen 


wed 





fcale wil beri ee Ee pled 


To clear the screen of | | 
previous graphs, tap D (for Delete), A (for All). 


keystrokes: A (for Algebra), 
A (for Author), type sinx, 
Enter, P (for Piot), P (for Plot). 





| rkies: A, A, type 


keystrokes: A, A, type 
sinx—sin(3x)/3+sin(5x)/5, 
Enter, P, P. 

After lookine ot thee ane Sin a) ‘ SIN (5 2) 
graphs, you might like to 
see only the last graph. 


seein’ mmm Comtor tieletie Help Move Options Flot Gait Scale Ticks Window 





Pali i ie 1.4 7 
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keystrokes: D (for Delete), B 
(for Butlast). 


After seeing this graph, tap 
key F100 to get a better 
view. 


) D; ace Comter Delete Help Fous Opt uma Piet Quit Seale Picks Windom 
LAL) opilon 
a em: Bibel 





keystrokes: F10 (to back 
away). 





If you extend the pattern 
begun with these expres- 
sions imagine what the 
subsequent graphs will 
look like. 


Note: On page 39, we 
found a function whose 
graph intersected the two 
points that we chose. Try 
the same problem but add —S oe 

a third point (—2,2) and ‘ | 
see what function Derive come up with and then plotit © 
and see how it's graph relates to the points. Try Fit i 
again but use ax*+bx+c as the model function and plot 
the resulting function, tA 
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The equation (x—2)(x—3) = 0 has two roots. 
keystrokes: A (for Algebra), | (-—————______— 
A (for Author), type 
(x—2)(x—3)=0, Enter, L (for 
soLwe), Enter. 


The results of soLve shows 
the connection between the 
equation and the roots. The 
graph of y=(x—2)(x—3) 
shows an important con- 
nection between the equa- 
tion and its roots. 

keystrokes: Arrowup ie etive 

(to highlight the equation), = 

arrowleft (to highlight just the expression (n—2)(x—3)), P (for 

Plot), D (for Delete), A (for All), P (for Plot), hold Cril key down, 

arrowright three times, © (for Center). 


Now we can see where this graph crosses the x (or hori- 
zontal) axis. The x values at these two points are the 
roots of the equation. 


Try the same thing for the equation (x—1)(x+1) = O.and 

the graph of y = (x—1)(x+1). How ts this graph differ- 

ent from the graph of the earlier expression? o 
Try (x—3)(x+3) = 0 and (x—1)(x—2)(x—-3)=0. | 


Etc., etc.,... Try the same for cosx ... predict... predict. © 

. do not worry about being wrong. Worry about not 
trying enough wrong ideas of yourown. Don'tforget © 
that Kepler was often wrong... same with Euler and all” 
the other big shots in the history of math. If it was OK 
for them to experiment and make mistakes and leam 
from their mistakes, it’s OK for us, too. 


;< 
/ 
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Parametric equations are absolutely my favorite feature 
on Derive, The possibilities are mind—boggling to me. 
I'm sure that what you'll see here is only scratching the 
surface of possibilities. So you must prepare for much 
experimentng and then communicating what you've 
found. First we'll set up the screen: 





keystrokes: Tap key Fl (to i - — 
move to the graph window), | 

D (for Delete), A (for All), 

Enter, T (for Ticks), type 4, 

Tab, type 9, Enter, A (for 

Algebra), R (for Remove), tap 

Home key, Enter, A (for | 
Author), type [cosx, sinx|, : | 
Enter, P (for Plot), P (for Phot), 

Enter. 





I see such a tiny picture a 
with my scale at one that it JE ail } 
wasn't worth all the CORRE - LEE Centar Delete Help Aowe Options Flot Quit Seale Ticks Window 
trouble. A couple of F9’s —_itt*r orton 
will fix that. . .try it. 

Wow! A terrific circle (if it 
does not look like a circle 
on your screen, experiment 
with Ticks until it does). 
Now for a vanation. 





keystrokes: A (for Algebra), 
A (for Author), type 
[cos 3x )j,sinx |, Enter, P (for 
Plot), P (for Plot), Enter. 


Now you are on your way! 
A great adventure awaits 
you. Try |cos(3x), sin(5x)], 
or [cos(x), sin(3x)], or 
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[cos(2x), sin(3x)}, or. .. go, go, go. . .another direction 
follows: 


keystrokes: D (for Delete), 

A (for All), A (for Algebra), 

A (for Author), type [x,x*2], 
Enter, P (for Plot), P (for Plot), 


keystrokes: A (for Algebra), 

A (for Author), type 
[x.{a—1)*2], Enter, P (for Plot), 
F10 (to back away), P (for 


Plot), Enter, aa ‘s Gat se al 


So all the usual graphs you 
do are possible with par- 
ametrics along with new 
ones. 


keystrokes: D (for Delete), 
A (for All), A (for Algebra), A 1 
(for Author), type [cosx, | 
2Zsinx}, Enter, P (for Plot), P Hii: COS ted, BI edd 
(for Plot), Enter. [oe ed, SEN ed 


keystrokes: A (for Algebra), A [Iy- |, 1 
(for Author), type [2c0sx, 


sinx|, Enter, P, P, Enter. : i, eed 
(COE taj, 2 EIN tx}) 
A, A, type 16: (2 COS te), SIM ted) 
(1 Sonstx-0.4) ein(x+0.1)}, | 
Enter, P, P, Enter. 


A cycloid will appear with  fixte art ioe 

the next directions. Thnk —=—— 

of driving along at night and seeing a ehipyele! in the dis- 
tance with a reflector in the wheel; the path the reflec— 
tor takes is often a cycloid. Lots of chances to experi- 
ment here. 
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keysirokes: D (for Deleie), 


A (for All), A (for Algebra), | 

A (for Author), type j2: (008 Ged, SIN Ge) 
[x+008x,—sinx), Enter, P (for t (008 Gad. SIN te) 
Plot), § (for Scale), tap Del to 2 

clear, type 5, Tab, tap Del to by a | 

clear, type 1, Enter, P (for L a 
Plot}, hold Del key until clear, eae 

type —9, Tab, tap Del key to > (O08 ted, 2 SEN ted) 
clear, type 9, Enter. > [2 O88 Ge), SIN (2) 


[1.9 638 (xn = 8.4), FIN te * 8.19) 
The scales you set to | | 


above can be changed any 
time you are in a graph 
window. x and y scales can 
be different for a new look. 
Just Tab between the two choices as often as you want 
with Enter to signal that you're done. 


COMPAD : siestod Cantar Telete Help Mowe Gptiona Flot Quit Scale Ticke Window 
option 
8, 37z2 





This next graph shows the tremendous control you have 
with Derive and parametrics. We should get two graphs 
... One quarter of a circle on the left (0 to m/2) and the 
corresponding part of a sine curve on the right. 


keystrokes: D (for Delete), F 
A (for All), A (for Algebra), 

A (for Author), type [cosx—I, 
sinx), Enter, P (for Plot), P (for 
Plot), hold Del key to clear, 
type 0, Tab, hold Del key to | 
clear, type 1.57, Enter. pit: Peon wnt 


Cool (2 a, EDR ad 
| . Bian Ga ed 

keystrokes: A (for Algebra), ff, wy 

A (for Author), type [x,sinw], Ss: fC me, 2 a 

Enter, P (for Plot), S (for | i Rae ci BIW tn * Mad 

Sache}, (ype 02, Tab, type 0.2, | | i in cos x. CIN ny 

Enter, P (for Flot), Enter. | it fe | i 4, G0 ud 


Sarena 
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Derive's Plot command will “distribute” across a list. 














keystrokes: A (for Author), type [x, x*2, x*3], Enter, ’ 
P (for Piot), D (for Delete), A (for All), P (for Plot). : 


Wonderful effects are possible. Families of curves can _ 
easily be generated using the idea above or generating a 
list of expressions using the Vector command. 

keystrokes: A(for Algebra), (f 
A (for Author), type vector 
(x*2—bx+1, b, -3, 3, 5), 
Enter, X (for approXimate), 
Enter, P (for Phot), D (for 
Delete), A (for All), P (for 
Plot). 


Try k*sin(x) or sin(k*x) or 
sqrt(k—x*) or x*—5x+k with 
the vector command and les te 
let the variable k range a: WRCEOW. Ge he Ok, hy Oy MO 










across Values that you Tr 73 cae a 
choose | OVA | TET Canter Beleia help Hews Opdiows Filet Suit Soste Ticks Mirdiow Loom 

z a wid Seale atl wil Berive E-wle 
Another wonderful com- a 


mand for graphing is chi. If 1 plot chi(1, x, 3) I geta | 
graph which is always 0 except between | and 3, when 
it is 1. I blanked out the axes so you can see the graph. 


keystrokes: A (for Algebra), A (for Author),type chi(1, x, 3), 
Enter, P (for Plot), D (for Delete), A (for All), O (for Options), 
C (for Color), Enter, Tab, type 0, Enter, P (for Phot). 


I thought this was a harmless looking result when I first | 
saw it. Why would anyone want it? } 





Well, try x**chi(1, x, 3) and plot it and you'll see a curve 
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which is 0 everywhere except between | and 3, at which 
points you see a piece of a parabola. With this harmless | 
looking device you can pick out pieces of any curve and | 
put it where you want it. 


Try chi(1, x, 3)*#x*+chi(3, x, 5)*sin(x). String out the 
expressions as long as you like. 


Max and Min are 2 more commands with which you 
must experiment. Max(x, x°, 3*sin(x)) plotted will start 7 
you on your way. 


Another excellent graphing experience comes from my 
friend Larry Gilligan of U. of Cincinnati. If we look at 
the expression (x—1)/(x*—1) we see that the denomina— 
tor can be factored and the expression becomes 
1/(x+1). We might expect that the plot of the original 
expression and this simplified version would be the 
same. Let's try it: 


keystrokes: A (for Algebra), A (for Author), type (x—1)(x*2 
=1)}, Enter, P (for Plot), D (for Delete), A (for All), P (for Plot), 


The interesting points on this curve are x=1 and x=—1. 
We'll zoom in at the graph when x=1. 


keystrokes: Tap the arrowdown key until you reach a point just 
above the graph, check the x and y value next to Cross at the 
lower left of your screen ...x should be | and y should be just 
above 5, tap C (for Center), tap key F9 three times to zoom in, 
C (for Center), repeat, arrowdown until the Cross is just above 
the graph, repeat, at some point a gap will appear. If you get lost 
oming in tap key FO a few times to back out and find out 
where you are. 





When you finish this job think about the same expres- 
sion when x=—1. Then try graphing y=1/(x+1) and 
look for the hole. Good luck! 
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Quite often math operations go in at least two direc- 


tions; up and down or forward and back. Factoring and 


expanding are back and forward kinds of operations. 
Here is an example of expanding. 


2(x+3) = 2x+6 


keystrokes: A (for Author), type 2(x+3), Enter, E (for 


Here is the corresponding factoring. 
2x46 = 2(x4+3) 
keystrokes: F (for Factor), Enter, R (for Rational). 


Here is expanding. 


7(3x%4+2) = 21x+14 
keystrokes: A (for Author), type 7(3x+2), Enter, E (for 


And here is the corresponding factoring: 

keystrokes: F (for Factor), Enter, R (for Rational). 
Here are some factoring opportunities for you to try. 
See if you can guess the results before Derive does it, 


25x+50 364+9% 27x33 
2x*4+-12x+14 100274752425 121x°+11 
yty'+y? Oyz—xy"z" xi—x? 








a2 tx + 3) 


z2u+6 


2 tx + 3) 


7 «<3 x + 2) 


Zi «x + 14 


|e: 243 «42) 
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One way to gain skill in factoring is to guess, record the — 
result, and then ask Derive to perform the same opera- © 
tion so that you can check your work, Derive lets you 
record a guess; it doesn't “comment” on your guess. 


keystrokes: A (for Author), 
type 7x+212—35 y=7(x+32—5y), Enter. 





tet ele-3s y= tin t+ 3a-Fy) 





We want Derive to factor the left side of the equation, 
which in effect is the problem, and we want Derive to 
leave the right side of the equation (our guess) alone, It 
can be done. 


keystrokes: Arrowlefl (to highlight 
7x+21z—35y), F (for Factor), Enter, Enier, 
T (for Trivial), 





7ix- Sut 32) = 7 txt 32-5 y) | 


The word Trivial here means factor out a letter or num- 
ber which is common to each term, 


Use this approach when you want to record a guess for 
factoring. Derive does not judge your guess, but gives 
you what you need to judge for yourself. : 


Some expressions contain more than one instance of a 
vanable, These, too, can be factored: 


keystrokes: A (for Author), type 7x"4+-5x"3—3x"2, Enter, 
F (for Factor), Enter, T (for Trivial). 


a | 2 
7 ¥ pe = ss 





Sometimes numbers and variables can both be factored ee Si) 


out. 
keystrokes: A (for Author), type L1x"7+33x"3-22x"2, Enter, - 
F (for Factor), Enter, R (for Rational). 





ae 3 2 
iix #33 = = 22 u 






ae ee | 
ll = (x +3 = = 2) 
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Sometimes the world can become complicated: 
28x*y"—Txyt+21x3y¥" 
Try these: 


45x°z"-18x*yz Guess when you're ready! 
12a°b'c?+24abc }4=Make up your own!! 






| 






= cK es 3 
13: 28 yw -7?euyu4*21x gy 


3 2 | 
14: P?xeuey (46 gy +3 xu gy - DL) 
In algebra classes in school a restricted kind of factoring 
is developed. With Derive we can do all of this factor- 
ing plus quite a bit beyond. We also can approach the 
topic by looking for patterns and not just following rules 
that are learned from books or teachers. The results 
are similar. 


x*—9 = (x—3)(x+3) 


keystrokes: A (for Author), type x*2~9, Enter, F (for Factor, if > 
Enter, R (for Rational). is: x -3 





(x - 3) ¢x + 3) 


x?—9 jis called a binomial because it has two terms. 
Both x? and 9 are perfect squares since x*x = x* and 
3#3=9. So... x*-9 is called the difference of 2 
squares, Below are some more differences of 2 squares. 
Guess what they factor to... try it: 


Opportunities: 


x2—25 e464 y-16 49 at—-225 © 
x*-144 Z—400 y"-81 a*—625 


Make your own like these! 


It is possible to complicate the issue with some new 
examples. 
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4x*-y*- 25y7-16x? —-100z*—9x? 4. x*~225 x? 


Another kind of factoring involves trinomials: that is : 
expressions with 3 terms. In these examples we are also | 
working with quadratic expressions ... meaning that 

the highest power is 2. 


keystrokes: A (for Author), type x"2+5x+6, Enter, F (for { ; 
Factor), Enter, RK (for Rational). yi17: « #5 w+ 6 
40: (x # 2) Cx # 3D 


x*4+12x+35 = (x4+5)(x+7) 


Do you see a pattern? Look at the 12 and 35 and then 9: x 412 «495 
the 5 and 7. O: (x + 5) (x + 7 





x*+10x+21 =? : 

j21: x 4 18 = + 21 
If you see patterns, you can make up atrinomial that 22: (x + 3) (x + 7) 
will factor nicely like these. Random trinomials we ty 
make up will probably not factor, especially if we stay | 
with Factor—Rational. You have to see patterns in the i 
above examples to be able to make new ones. 





x*— 7x + 5 is a trinomial that does not have whole 
number factors: 


keystrokes: A (for Author), type x*2—7x45, Enter, F (for 
Factor), Enter, R (for Rational), 





As you can see, when Derive cannot factor an expres- 
sion at the level asked for, it returns the same expres- 
sion. This last expression was the first in 
this chapter that did not respond to the 
Factor—Rational treatment, so now we'll go 
lo stronger medicine. 





keystrokes: F (for Factor), Enter, D (for ralicals). 
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This result raises an interesting question: What relation- = 
ship exists between the —7 and 5 in x*~7x+5 and | 
the numbers in the factored form? There are a number 
of experiments to try, if you are interested. You might 

like to see the factored expression in a different form. 

Here again, Derive can help. 


keystrokes: Arrowup (to highlight x*—7?x+5), © (for 
Options), P (for Precision), A (for Approximute), 
Enter, F (for Factor), Enter, D (for raDical). 


Do O (for Options), P (for Precision), E 
(for Exact), Enter, since Exact mode is 
where you usually want to be. 





Here are some examples of “nice” trinomials that will 
factor and might help your thinking. 


y—Ty+12 zZ*—122+35 x*+18x477 
x*+14x4+45 16x4+40x+25 47°4+2024+-25 
9x7+10x+1 5x"+1ilx+2 x*++21x+20 
7x24+22x43 7x2+10x+3 3x°+16x+5 


Make up your own examples of binomials and trinomi- 
als that you think will factor. If Derive’s results are 
different from yours, you may both be right. Check by 
expanding your results and Derive’s results. 


Look in math textbooks for more problems to do. 


A student of mine, Usama, when he was in the second 
grade, became interested in factoring. This unusual 
interest was aroused by watching older students work- 
ing on the topic using Derive and another symbolic 
algebra program called Mathematica, Try Usama’s 
investigation yourself and see what results you can 
predict. 
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Usama's expressions: x*7-1 x*—| x*—1 and soon. 


keystroke: A (for Author), type x“2—1, Enter, F (for Factor), 
Enter, R (for Rational). 


keystroke: A, type x“3—1, Enter, F, Enter, R. 


Within Usama’s collection of problems there are pat- 
terns, for example: x*—1, x*—-1, x*-1, x'*—-1. Also look 
at x*—-1, x1, x5—-1, x"-1, x"—-1, x"—-1. What's next in 
this sequence? Usama was not thinking of x'"—1. 

Also consider x°—1, x*—1, x'*—1,... There are many 
streets to explore. This is where the real strength of 
Derive can show. 


Guess, guess, guess! Don't worry about being wrong. 
The only result better than one wrong guess is two 
wrong guesses. The better the math student, the higher 
the error rate. Only the poor math student is afraid to 
guess. 


Perfect Square Trinomials 
Some trinomials factor into two identical factors, so 
these trinomials are called perfect squares. Try these 


and make up your own: 


x*+10x+25 y'—-l4y+49 4x*+36x+8 1 
121x*—22x7+-1 0 z*+-4274441 9x7—610+4- LOO 


Completing the Square 


If we start with x*-6x+9 and factor . . . we get the per- 
fect square (x—3)*. 


=i 


1) (x + 2) 


i 


z 
1) (x #41) 
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If we start with x*—6x+7 and factor, Derive gives us 
back the same thing. This means it can’t be factored | 
with whole numbers. Sometimes, out of necessity, math { 4. 
people decide to change an expression like x*-6x+7 i 
into something like a perfect square. How do we make 
x*—6x+7 into a perfect square? What number do we 
need instead of 7 to make this a perfect square? Since 
(x—2)? = x*“4x+4 and (x—3)* = x*-6x+9, we have, as 
usual, some choices to make. The 6x matching makes 
(x—3)° attractive, 





x7-6x4+7 = x7-6x4+9—2 = (x—3)*-2. 


To check, we expand. Try to “complete the 
square” for each of the following: 


x’—8x+10 x4420xK4+7 x*14x+46 y*—-10x+24 





Opportunities: 


Factor: x7—-12x+36 x*—12x4+35 x*—12x+32 
x2—12x427 0 0 x*—12e420 x*-12x+11 


See the patterns?? Graph each of these! See?? Make up | 


To set up a 2D graphing window: 


keystrokes: W (for Window), S (for Split), V (for Vertical), 

Enter, Fl (to move to the next window), W (for Window), D 

(for Designate), 2 (for 2—D Plot), y (for yes), © (for Options), 
(for Display), G (for Graphics), Enter. 





This will create a graphing window. 
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keystrokes: A (for Algebra), A (for Author), type 
«*2—12x+36, Enter, P (for Plot), § (for Scale), tap Del to clear, 
type 2, Tab, tap Del to clear, type 2, Enter, hold Cril key and tap 
arrowright 4 times, C (for Center), P (for Plot). 


keystrokes: A, A, tap key F3 (to copy the highlighted 
expression), tap backspace key once, type 5, Enter, P, P. 


Look where these graphs cross the x or horizontal axis 
and locate the expression they come from. Your graphs 
may be seen more easily with the following keystrokes: 


keystrokes: Use arrow keys to 
move the marker (+) on the a t= 20 te 
graph window to the botiomof f),. -eocuet 
the first graph, tap C (for Hee: tne By 
Center), tap F9 to move closer | ower 
to the graphs, use the arrow | a 
keys to move the marker (+) ty 


to crossing points and read the Mt on bee 





xand y coordinates from the L cenhtl oes 

lower left of your screen. en etete<a <2 
‘= = =u au 

If you see nothing in the pia 4 

graphing window, press the 


F10 key once or twice to 
back away from the graph- 
ing field (I think of it as a 
field I’m flying over in a helicopter); and F9 moves me | 
lower toward the field and F10 moves me away from 
the field of graphs. Ee 





stngrggreste FF ne edlee L4,. 


‘ heals mid 


The expression x°—5x+7 gives us a chance to look at 
some interesting possibilities with factoring. Before 
factoring I'll give some keystrokes to set the form of the 
answer. 
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keystrokes: O (for Options), P (for 
Precision), E (for Exact), Enter, A (for 
Algebra), A (for Author), type x"2—5x+7, 
Enter, F (for Factor), Enter, R (for 
Rational), F (for Factor), Enter, D (for 
raDicals), F (for Factor), Enter, C (for 
Complex). 


As you see, Factor—Rational had no 

effect, Factor—raDicals had no effect, but Factor— 
Complex did it. We have just met the symbol i, one of 
the units in complex numbers (i is for “imaginary”) 8 
which will open up a vast area to explore. With the fol- 
lowing keystrokes we can reach another useful form. =~ 








keystrokes: Arrowleft (to 






| | (Svat, ,. Ss) 3% 
hightight x—(5+sqrt3i)/2)), [x - ———] k + —>— 
X (for approXimate), Enter, as Hapa: 
arrowright twice (to highlight a2: (x - 2,5 - 8.866025 T) [x ¢ —————] 
s-(—S+8qr13i}/2), X (for @ 
approXimaie), Enter. ix - 2.5 - 6.866025 T) (x - 2.5 + @.866@25 T) | 


Almost exactly the same 
result can be reached by highlighting x*—5x+7, doing 
Options—Precision, Mixed and then Factoring. 


Develop the habit of trying to get the form you want 
from Derive. I can't guarantee you'll always get just : 
wnat you want (I don’t); but, | am sure that with experi- | | 

ence, your results will be amazingly good. . 


At a recent meeting at Joliet Community College, a 
teacher and | were both surprised when Denve fac— 

tored x*+64 with Rationals, We intuitively expected an 
echo, meaning no action, and thought we'd go on to . 
factor across the raDicals or Complex. This opening led | 
us to investigate similar forms. - 
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| kes: A (for Author), type vector([x"4+2"n], n, 1, 10), 
Bhar. F (for Factor), Enter, Enter, R (for Rational), Enter. 


This gave us some clues and we then tried a table of 
x*42%""), See what you can find and extend this open- 
ing as far as you can go. 


Another factoring problem | learned first from Wally 
Dodge (who I later heard got it from Charlie Schultz - 


two excellent math teachers at New Trier High School, 


near Chicago). If we factor x*—1] or x’*—1 and look for 


patterns, we hardly notice that all the coefficients of the 


factors are 0 or 1 or —1. We don’t notice because they 
all come out that way. Try a few and see. Then try fac- 
toring x""—1 with the Rationals and look closely at the 
factors. Tap arrowright to isolate the first factor 

and tap arrowright to highlight the second factor; keep 
going. If the new factor is longer than one line then 
hold down the Ctrl key and tap the arrowright to bring 
on the rest of the long factor. When you've seen all of 
the long factor, release the Ctrl key and tap arrowright 
for the next factor. You should find that the last 2 fac- 
tors have 1 term each with a non 0 or | or —1 coeffi- 
cient. 105 is the lowest n of x"—1 to do this. These ex- 
pressions are called Cyclotomic Polynomials and now 
you are on your way. 
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1+2+3+4 =x is a simple statement. What number for 
x will make it true? 


1+273+ ...+984+99+100 =x is also a simple state— 

ment but it involves many more numbers than our first 
tatement above, What number for x makes it true? (By | 

the way, this statement means “add up the numbers : 
from 1 to 100"). | 





We need a strategy. Try taking the harder problem and 
skipping it, just don’t do it. It’s often the best thing to 
do with hard problems. Instead, we'll look at the easier 
problem, but not in the usual way, in a rather clever 
14+243+4 
Li 


So, 1424344 = 545 = 2*5 = 10. (Do you see what 
we're doing?) Let's try a slightly harder problem of the 


same type: 
14243444546 


es 
bt 

gg 
14243444546 = 74+74+7 = 34*7 = 21 


Where is the 3 from? Where is the 7 from? 


Try more problems like these. Use Derive to check your | 
answers, : 
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One way to do 1+24+344 on Derive: 


keystrokes: A (for Author), type n, Enter. 


keystrokes: C (for Calculus), § (for Sum), Enter, Enter, Tab, - 
tap Del to clear, type 4, Enter, { ; 


keystrokes: S (for Simplify), Enter. | 





You should get 10 as a result. 


The symbol iz " 18 read “the sum of some number n 
from n=1 to n=4 "and means 14+2+43-+4. 


To do 14243444546: 
keystrokes: A (for Author), type n, Enter. 


keystrokes: C (for Calculus), S (for Sum), Enter, Enter, Tab, 
tap Del to clear, type 6, Enter. 


keystrokes: § (for Simplify), Enter, 





You should get 21 as a result. 


Now we can return to the harder of our original prob- 
lems. 


]+24+3+ ...4+98+994+100= x. 


We can use Derive to answer the question, whatnum— 
ber for x will make this statement true? i 


keystrokes: A (for Author), type n, Enter, 


keystrokes: C (for Calculus), 5 (for Sum), Enter, Enter, Tab, 
tap Del to clear, type 100, Enter. 


keystrokes: 5S (for Simplify), Enter. 





a a is — SSDs 
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Isn‘t this the power of the computer? By typing about 

the same number of keys you get the answer for 

1+2+3-+4, an easy problem, or for 14+2+3+ . 

+98+99+100, a harder problem. It makes you change i 
your mind about what is a hard problem and what is an | 
easy problem. Computers do have that effect on people. © 


Now that we see the strength of the computer, how 

about seeing the strength of our minds? Go back to | 
our problems and let's analyze further (this is where the | 
computer is presently weaker). | 


1424344 = 545 = 2*5. 


We see two numbers in 2*5; the 5 is from the 1+4 or 
the 2+3, but where is the 2 from? How many pairs of 
5’s can you make from 1+2+3+4? Yes, 2 pairs from 4 
numbers. 


14243444546 = 74747 = 3*7. 


So the 7 is from 6+1 and the 3 might be the number of 
pairs you can make from 6 numbers. 


14+24+3+.. . +98+99+100 = 5050 answer from De— 
rive, 


Could we get the answer to this “difficult problem” 
without consulting the computer? 


Well... certainly 101 is 1+100 and 24-99 and so on. So | 
101 must play a big part in our answer. How many 
101’s do we have? From 1 to 100 is 100 numbers so 
there must be 50 pairs of numbers. So... 

14+24+3+ ... +984+99+100 = 50*101. 


How does that answer compare with Derive’s answer? 
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Opportunities: 


Get the sum from | to 10, 1 to 20, 1 to 30, 1 to 40 and so 
on. Look at the answers and search for patterns. Predict 
future answers and check your results, This is a good 
place to use again some of Derive's features to make 
our lives easier. 


In this last sequence of sums from | to 10 and so on you 

could type in each problem separately but there is a : 
better way. Try this sequence to get the first three in this © 
collection: e 


keystrokes: A (for Author), type n, Enter. 


keystrokes: C (for Calculus), § (for Sum), Enter, Enter, Tab, 
tap Del to clear, type 10, Enter. 





keystrokes; 5 (for Simplify), Enter 


This is our normal sequence for sums, Here comes the 
effort—saving editing technique: 
" 
keystrokes: Arrowup (to highlight n=1" ) , A (for 
Author), tap key F3 (to copy the highlighted expression), hold 
the Ctrl key down and tap A twice, and let up on the Ctrl, 
type 2, Enter, | 


keystrokes: § (for Simplify), Enter. — F 

2 
keystrokes: Arrowup (to highlight f " 5, A (for Author), 
F3 (to copy), bold Ctrl down and tap A twice and let up on Ctrl, 
type 3, Enter. 





keystrokes: S (for Simplify), Enter. se 
Use this editing technique often and you will learn to | i 
like it... especially on long statements. Thanks again | 
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to Al Rich and David Stoutemyer for excellent design 





1. Find the sum of n’ instead of n. Do it from 1 to 2 
(that is, 1°+2*), from | to 3, (17+27+3°) and $0 on. 
Using Derive, the only change from finding the sum of 
the n numbers is that you type n° instead of n at the 
author mode. Look for patterns... you'll find them, 


2. Find the sum of n? (harder pattern to see than n°). 


3, Find the sum of the first 5 even numbers (2n repre- 
senting the even numbers and n going from | to 5). 


4. Find the sum of 1/2" with n going from 1 to 2, which |f 
results in 1/2+1/4, and n going from 1 to 3, resulting in | 
1/2+-1/4+1/8, and so on. | 


5. Find the sum of 1/3", 1/4", and so on. There are won- | 
derful patterns in the answers of the separate se— 
quences and overall. Find them with Derive's help. 


Derive gives 7/8 as the sum from | to 3 of 1/2°. This 

shows a special quality of Derive. Most programs pro- 
duce answers only in decimal form; Derive gives youa |] 
choice. You may specify a rational number (fraction or © 
ratio) or a decimal. Mathematically, each can be useful. | 


For example, in the case of 1/2",ifn goes from1to10 J 
the result in fraction form, 1023/1024, shows very clearly | 
what is happening (try it from 1 to 20 and it willbe even © 
clearer). But when you try the same approach on 1/4° 

the decimal form (type X for approXimate) may show 

you a clearer pattern than the fraction form does. 
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6, Find the sum of 1/n with n going from 2 to 3, which 
results in 1/24+1/3. 


Find the sum of 1/n with n going from 2 to 5, which 
results in 1/2 + 1/3+1/4+ 1/5, 


Find the sum of 1/n with n going from 2 to 1000, which | 
results in 1/2+ 1/3 +...+ 1/999 + 1/1000. 


On my little laptop Toshiba T—1000 (a 4.77 megahertz 
computer) it took the time to get coffee to produce a 
many—digit, exact, rational number. When | pressed X 
for approXimate to change 1/2 + 1/3+...+1/999+ 
1/1000 to a decimal, the result was 6.48547 with preci- 
sion set to 6 digits and 6.48547086566 when set to 12 
digits. 


Let me show you how to get Derive to do the 1/n sum: 


keystrokes: A (for Author), type Lin, Enter. 


keystrokes: C (for Calculus), § (for Sum), Enter, Enter, tap Del | 
ta clear, type 2, Tab, tap Del to clear, type 100, Enter. | 18: 





The sum of the numbers in the form 1/n is a famous 
sequence called The Harmonic Sequence. It was proved 
long ago that the sum increases without bound as n 
increases. We found on Derive that the first 1000 terms © 
adds to about 6 1/2; the first 10000 terms adds to about _ 
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Derive has much more power in this area than we have 
shown. It can generate symbolic results as well as 
numerical results for sums. 

keystrokes: A (for Author), type n, Enter, C (for Calculus), 

S (for Sum), Enter, Enter, Tab, tap Del to clear, type k, Enter, 

S (for Simplify), Enter. 


. or do something that seems harder... 





keystrokes: A (for Author),typen*7, | 
Enter, C (for Calculus), S(forSum), | 2@: 
Enter, Enter, Tab, tap Del to clear, ae k 4 
type k, Enter, § (for Simplify), Enter.  megl 








7? 


If you don't like this form, try this ‘ vartcaxteee -K - ake” 
change: ‘ - 


keystrokes: E (for Expand), Enter. 


And while we're at it, let's show off by 
factoring that ugly expression. 


keystrokes: F (for Factor), Enter, R 
(for Rational). 

24 
Since statement 22 and 24 came ~~ 

out the same you might think that Derive produced 
statement 24 by remembering statement 22. I swear, ad 
that is not the case. On my little six pound 4.77 mega- | 
for 41 seconds to get the result. On my 20 megahertz 
386 notebook it took 4.59 seconds and on my 33 mega- 


hertz 486 it took 1.48 seconds, M 
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Many linear equations are easily solved. 
2443 = 11 


This equation states that 2 times some number plus 3 
may equal 11. What number for x can make this open 
statement true? Let's try a number for x. If it makes the | 
open sentence true, we're done; if it makes the open 
sentence false, we try a larger or smaller number until 

one number works. In this case, 4 works because 

(2*4)+3 = 11 1s true. 


Now look at 127x—315+211—36x+2x = 600+5x. 


This is also a linear equation and I will resist all tempta- 
tions to solve it by myself, because it is a bit messy. 
Here is where Derive can be a big help. We'll try to 
solve this equation by inspection but with some help 






from Derive, 
ei : laa x + = 36 x + 2x = 608 + 5 
1275-315+211—3ix+2x—60045x, Haddad on lai ea x 
Enter. ; 


keystrokes: M (for Manage}, 8 (for 
Substitute), Enter, type 3, Enter. 





Here we've told Derive to substitute 3 for x (this is just 
a wild guess on my part) but not to carry out the calcu- 
lation yet. This is a big help to see and understand 
what's going on; it slows the computer for us. (Thanks 
to Al Rich and David Stoutemyer for Derive’s excellent 
design and programming!) Now we tell Derive to go to 
it and do the messy part we want to skip. 


keystrokes: (for Simplify), Enter. (a: avs = as 


127 32 - 315 + 211 - 26 3423 > 6045 3 
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So we learn that my guess of 3 was too big or too small — 
and does not make the open sentence true. I'd have : 
been shocked if it had worked right off. My next wild 
guess is 10). 


keystrokes: arrowup twice (to 127 16 - 315 + 211 - 36 19 + 2 18 = 69 + 5 Le 


M (for Manage), S (for 
Substitute}, Enter, type 10, Enter. 





This told Derive to substitute 10 in for every x. Now 
we'll have Derive do the messy part: 


Let's see... 
... When x = 3 is substituted, we get 175 = 615, 


... When x = 10 is substituted, we get 826 = 650. 


I think 10 is too big since 826 is larger than 650, (Can 
you see why I come to this conclusion?) 


Next I'll try 8. (What would you try?) If you have De- 
rive in your computer and running (you should) then [4 
follow this up yourself before you read ahead. | 


Trying 8 the same way as above, | find it works. (Lucky 
guess!) Allowing Derive do the messy bits, we have : 
solved an arithmetically complicated linear equation by | 
inspection. Try this technique with all equations you XN 
meet for a while. You'll learn a lot from this experi- 

ence. There are many interesting and delicious 

SUIprises. 
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When you need an answer, Derive will often get it for 
you. But if you also want to do some mathematical 
thinking, use these commands: manage, substitute and 


simplify. 


keystrokes: Arrowup (to highlight the original equation, a : 7 
127x—315421 |—36x+2x—0004-5x), 5 (for Simplify), Enter. 7: i 73 x - 14 : 3 x + 600 





What has happened? The right side of the equation 

looks about the same but the left side has changed. 3 
Derive has simplified 127x—36x+2x into 93x and simpli- 
fied —315+211 into —104. Now comes our job. We'd 

like only one side of the equal sign to have x's and the 
other side to have nothing but numbers. First the x's. 


keystrokes: B (for Build), Enter, type —, arrowright twice 
(to highlight 5x+4400), arrowdown (to highlight 5x), Enter 
D (for Done). 


9: (Sx - 14 = Su + BBB) - 5 





This directs Derive to subtract 5x from both sides of the 4 


Oni, i ei OD 
keystrokes: S (for Simplify), Enter, ‘}1@: 88 x - 104 





This makes Derive carry out the indicated subtraction. 
Next we must add 104 to both sides of the equation. 


keysirokes: B (for Build), Enter, type +, arrowleft (io . | | , 
highlight 8%x—104), arrowdown (which highlights 8x), now iz: (88 x ~ 104 = 608) + 104 
arrowright (to highlight 104), Enter, D (for Done). 
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And again we direct Derive to carry out the indicated 
operation. 


keystrokes: S (for Simplify), Enter. 
Now we can divide both sides of the equation by 88. 


keystrokes: B (for Build), Enter, type /, arrowteft (to highlight 
88x), arrowdown (fo highlight 88), Enier, D (for Done). 


And to simplify... 
keystrokes: § (for Simplify), Enter. 





Of course, for those who are interested only in the an- 
swer, Derive can be used in non slow—motion mode. 


keystrokes: Arrowup (to highlight the original equation), L (for as 
All linear equations can be solved by each of these | : 
three methods: E 


Method 1: Guess a number and use Manage and Sub— 
stitute to see if it makes the equation true, Let Derive 
calculate the results, and use the feedback to make a 
new and improved guess. Keep going until you find a 
solution (or get tired!). 


Method 2: By adding or subtracting or multiplying or 
dividing, transform the original equation into one that 
you can solve by inspection (the Build command is 
most useful). 


Method 3: Use the soLve command. 
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Try all three methods on this equation: 
7x+-22—6x43—5236 = —13x+889+64x. 


Don’t let anyone easily convince you—in any part of 
math—that there is only one way to do it, The person 

may know only one way or may like only one way, but 
rarely is there only one way to solve a problem. I've 
described three here. Find another way. Send your solu- — 
tion to us. It may appear in the next edition of this : 
book, with our acknowledgment that you are the one 

who found it. 


A wonderful feature of Derive allows us to solve more 
than one linear equation at a time. I'll make an ex— 

ample; you can do your own. I'll imagine two numbers, 

x and y, and their sum is 27, and their difference is 5, What | 
numbers will work? 





keystrokes: A (for Author), type [x+y = 27, x—y = 5), Enter, L 
(for soLve}, Enter. 


{x #y = 27, =~ yy 2 BI 





To check these results: 


keystrokes: Arrowup, M (for Manage), 5 (for Substitute), 
Enter, type 16, Enter, type 11, Enter, 5 (for Simplify), Enter. 





In this case we had numerical solutions: try the same 
approach but with equations x+-y = 27 and 2x+2y = 
54. 


The @ symbol means any number can be substituted 

for the variable and therefore the two equations are 
really the same equation written in a different form and /] 
are called “not independent”. If you graph both of a 
them you'll see only | line. 
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You should also try the same approach with x+y = 27 
and x+y = 28. Their graphs should be parallel and 
therefore no solution exists. 


Derive is, as usual, willing to tackle messy problems, 
with many equations and terrible-looking numbers. 





keystrokes: A (for | t i +0 ey 40 ESE Lie = BY aS cd, coe} esas 
Author), type [2x-+3y+5z Fe pcos pens 

= 11, lix—13y+17z= ™ * a" 

—1, x+y+z2 = 23], Enter, : if = See = Te yo: M46) 

L. (for solve), Enter, X r be = 

(for approXimate), : (b= ob 1 = -1, 9 2 an 

Enter, arrowup, 

arrowup, 


M (for Manage), § (for Substitute), Enter, tap Del to clear, type 
1168/39, Enter, tap Del to clear, type 92/13, Enter, tap Del to 
clear, type —547/34, 

Enter, 5 (for Simplify), Enter, 


You can also solve such equations, in general, for any 





coefficients. 
H it thecen de eeuen 
strokes: A (for Author), type he werkt af eed 
buulip sce: cece a f], Enter, L [ aa-ha’” ae-bal 
(for soLve), Enter, Enter, Enter, Zz: hn phe one *# a7 =o =r] 
arrowup, M (for Manage), S (for aenrhd a@er-kd ; aean- hd ae-bd 
Substitute), Enter, tap Del to — - — “ 
clear, type (ce—bfi/(ae—bd), le 
Enter, tap Del to clear, type (af—cd)/(ae—bd), Enter, Enter, 4 
Enter, S (for Simplify), Enter. 


Try the same process with three equations and three 
unknowns but with general coefficients, 





One way to see the richness of math and the varied 
strengths of Derive is by solving one problem many 

ways. A harmless looking problem like solve for x in the 
equation x*-5x+6=0 will serve us nicely fortwo pur- 
poses. Before we start, think of how many ways you | 
know to solve this equation. | 


Method 1: If we solve x*—5x+6=0 for x? and thendi- 7 | 
vide both sides of the equation by x, we get x=5—6/x. | 
Substitute for the x on the right side of this equation 
the value of x on the left side of this equation. We get 
5—6/(5—6/x). As you can imagine this process can re- 
peated as far as we like. Graph y=5—6/x (a hyperbola 
with 2 branches) and then graph y=5—6/(5—6/x) (also a 
hyperbola with 2 branches). Where these graphs cross 
are solutions of the original equation, x7—5x+6=—0. 


keystrokes: A (for Author), type x*2—Sx+6—0, Enter, 


A (for Author), type 5x—6, Enter, f (for Build), Enter, +3 e -Sx+62=8 
type +, arrowup (to highlight x*2—5x+6—0), Enter, D : Sx-6 


(for Done), 5 (for Simplify), Enter. 3 
Sx -6+4+(x -3x+6 = @) 
Next we need to divide both sides of this equa- 
tion by x and simplify. 


fe eee 





keystrokes: A (for Author), type x, Enter, arrowup (to 
highlight x*2=5x-6), B (for Build), Enter, type /, 





arrowdown (to highlight x), Enter, D (for Done), 5 (for 
Simplify), Enter, E (for Expand), Enter. 
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Now that we have our equation for x we will isolate the © 
right side of the equation, make our substitution and 
plot. 


keystrokes: Arrowright twice (to highlight 5—6/x), A (for 
Author), tap key F3 (to copy), Enter, M (for Manage), § (for 
Substitute), Enter, tap Del key (to clear), tap key F3 (to copy), 


Now we need to graph these 2 expressions and see 
where they cross. 





keystrokes: W (for Window), 5 (for Split), V (for Vertical), 
Enter, tap key Fl (to move to the next window), W (for 
Window), D (for Designate), 2 (for 2D—plot), ¥ (for Yes), P 
(for Phot). 


[ can’t see enough of this graph so I'll suggest we 
back up a bit and then put on the second graph. 
(for version 1.4 and later, the vertical line in these 
two graphs no longer appears .. . good!) 


keystrokes: Tap key F10 (to back away), A (for Algebra), 
arrowup (to highlight 5—6/x), P (for Plot), P (for Plot). 


Now we'll use the very effective aim and zoom capa- 
bilities of Derive to look more closely al the points 
of the graphs we're most interested in. 


By tapping the arrow keys we can move the + sign 
around the graphing window. As the + moves, look 
at the lower left part of your screen and you'll see 
the x and y values of the marker adjust as we £0, 
Move your + marker, with the arrow keys, to where 
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the graphs appear to cross. We'll make that part of the 
graph the center of our window. 


keystrokes: Arrowright and arrowup (to where the graphs 
cross), C (for Center), tap key F9 (to zoom in), use the arrow 


keys (to adjust the marker to a crossing point), tap F9 again, tap 
C (to Center). 


When I move my marker with the arrow keys to the 
2 crossing points | find x=2,y=2 at one point and 
x=3,y=3 at the other. So... x=2 and x=3 are the 
roots of the original equation. 


Method 2. Here we work toward a solution by start- 
ing at some arbitrary number, compute our func- 
tion's value at that number and recycle. The process 
is known as recursion. It's a wonderful process since 

we start at a wrong answer and march toward better 
and better answers. We'll start at x=5—6/x. Now we 
pick any number, like 11, substitute that for x on the 
right side and solve for x on the left side (these x's really 
become old x and new x). Take the result for x on the 
left and start over by substituting it on the right side. 
Amazingly enough, a pattern of numbers develops 
which heads off towards a solution. 





keysirokes: A (for Algebra), A (for Author), tap key F3 (to 
copy 5—4/x), Enter, M (for Manage), 5 (for Substitute}, Enter, 
tap Del to clear, type 11, Enter, % (for approximate), Enter, 
arrowup (to highlight 5—6/x), M (for Manage), S (for 
Substitute), re Del to clear, type 4.45454, Enter, X (for 
approXimate), Enter. 


If you continue this process you will generate a se- | 
quence of numbers which lead toward a solution. Try it! j *** 
Start with a number different from 11 and do the recur- 
sive dance toward success. 
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Method 3. By creating a continued fraction . 
keystrokes: A (for Author), 
arrowup (to highlight 


5—6/(5—6/x)), tap key F3 (to 
copy), Enter, M (for Manage), 
5S (for Substitute), Enter, tap 
Del to clear, tap key F3 (to 
copy}, Enter,... 


We need more space: we'll 
close the graph window, 


keystrokes: Tap key Fl (to 
move to the next window), W 
(for Window), C (for Close), 
Enter, M (for Manage), § (for 
Substituie), Enter, tap Del to 
clear, tap key F3 (to copy), 
Enter, M (for Manage), § (for 
Substitute), Enter, tap Del to 
clear, type 35, Enter, X (for 
approXimate), Enter. 


So, with x=35, the ex- 
pression computes to 
3.03932. Where does 
the 35 come from? I 
just made it up! A 
second number, 211, 
computes to 3.04040. 
I'll make a bet with 
you. You pick a num- 
ber for x and compute 
the result in this big " 

ugly expression and the result will be close to 3. Try it! 


And 3 is a root of the original equation. Wow! | 
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The following 4 methods are the more usual proce- 
dures for solving a quadratic equation. Derive is 
capable of doing the usual as well as the unusual. 


Method 4. Graph y=x*—5x+6. The values of x 
where the graph crosses the x axis are the numbers 
which solve the equation. 


keystrokes: 'W (for Window), 5 (for Split), V (for Vertical), 
Enter, tap key F1 (to move to the next window), W (for 
Window), D (for Designat *), 2 (for ZD—plot), y (for yes), A (for 
Algebra), A (for Author), type x"2—5a+6, Enter, P (for Plot), 
P (for Phot), tap key F10 if you can't see enough of the graph. 





Method 5. Solve x*-5x+6=0 directly. 


keystrokes: A (for Algebra), A (for Author), tap key F3 (to 
copy x*—Sx+6), type =), Enter, L (for soLve), Enter. 


Method 6. Factor x*—5x+6=—0 and set each factor to 0 
and solve. 





keystrokes: A (for Author), type x*2—5x+6, Enter, F (for Gi en 
Factor), Enter, R (for Rational), arrowleft (to highlight x3), A 924: x - Sut 6 
(for Author), tap key F3 (to copy), type =0, Enter, L (for ] 25: (x - 3) (x - 2) 


soLve}, Enter, arrowup (to highlight (x—3)(x—2)), arrowright 26: x-3=80 
twice (to highlight x2), A (for Author), tap key F3 (to copy), = 3 
type =, Enter, L (for solve), Enter. 


| 
x - Z= 8 
x= 2 





Method 7. Using the quadratic formula to solve the 
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quadratic equation x*—5x+6=0. 


keystrokes: A (for Author), type ax" 2+bx+c=4), | 
Enter, L. (for soLve), Enter, Enter, arrowup once, M + ax #*bhxuteo=e® 


a 
_ th -4@acd) +b 


(for Manage), S (for Substitute), Enter, Enter (to skip 
x), tap Del to clear, type | (for a), Enter, tap Del to 


clear, type —5 (for v), Enter, tap Del to clear, type 6 aa 
(for c), Enter, § (for Simplify), Enter. see See 
: , 2a 


This produces the root x=2 and if you do the 
same pattern of substitutions in the other . we, = ae 
expression you'll get the second solution. : 





A last way for Derive to solve x* — 5x +6=0 
iS a More automated method similar to method 1. The 
command iterates makes a list of numbers or expres- 

sions which result from substituting a value (or expres- | 
sion) for a variable then calculating a result and feeding | 
that result back in. s 


keystrokes: A (for Author), type iterates (5—6/x, x, 1.8, 6), 
Enter, X (for approX), Enter. 





Gradually make the last number bigger. And then try 
approX with no last term. Also try the command iter- 
ate, which will produce the nth term and not a list. 
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A look at history has often helped me understand the 
math | was studying. Nowhere is that more true than 
with complex numbers. First of all, the name is a prob- 
lem... complex numbers. It sounds very difficult— 
something only Gauss or Riemann or von Neumann 
could understand. 


Well, let's see if that’s true. In the past, people could 


solve an equation like 34+x = 12 by choosing a9 for the | 





x, thus making the true statement 3+9 = 12. However, 
x+5 = 2 had no solution for a long time. Only when 
negative numbers were invented and accepted could a 
solution of —3 exist. —3+5 = 2 makes a true state— 
ment. It’s hard for me to believe but until the seven- 
teenth century negative numbers were not fully incor— 
porated into the real number system. There is a direct 
analogy between this historical experience and the 
invention and acceptance of complex numbers. 


If we solve x? = 25 we notice two solutions, 5 or—5. We © 


can see this by inspection or by seeing where the graph 
of this function crosses the x axis. Another choice would 
be to use solve on Derive: 


keystrokes: A (for Author), type x*2=25, Enter, L (for 
soLve), Enter. 


Try solving x? = 4 or x* = | by inspection and by Derive. In | i 


both examples solutions are easy. But now try 

x* =—1. By inspection it would seem 1 or —1 are the 
only possibilities. But 1*= 1 and (—1)?= 1. So there 
seems to be no solution. Now let Derive try. 


keystrokes: A (for Author), type x*2=—1, Enter, L (for 
solve), Enter. 
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Derive gives two solutions, neither of which looks like 
what was called a number for most of our history. Let's 
test these two solutions. 


keystrokes: Arrowup twice (to highlight x*2 =—1), M (for 

Manage), 5 (for Substitute), Enter, arrowdown (to highlight 
Se eye at ee 
clear, tap key F3(to copy the highlighted expression), Enter 

(for Simplify), Enter. 


50 i seems to work ... let's try —i. 





keystrokes: Arrowup 4 times (to highlight x*=—1), M (for 
Manage), 5 (for Substitute), Enter, arrowdown twice (to 
highlight x = —i), arrowright twice (to highlight — i), tap Del key 
to clear, tap key F3 (to copy the highlighted expression), Enter 
5 (for Simplify), Enter. 





Here are two solutions for a problem that had no solu- | | 
tion for thousands of years. By 1800 this idea was just 
appearing and by 1900 it was widely accepted. 


Unfortunately, these new numbers were called imagi- 
nary numbers; this gave them an unnecessary air of 
mystery. [f we look back in time, the invention of 3 or 
—5 or 2/3 or 0 is even more amazing than the invention 
of imaginary numbers. 


In some sense all “numbers” are “imaginary”; that is, ul 
they are things we make up in our minds and connect to | 
parts of the world. 


People who are practical sometimes question the math 
person's contact with reality. If we're counting 
Porsches, then numbers like 1, 2, 3 do it quite well: we 
don’t often talk about 2 and 1/2 Porsches or —2 Fer- 
rari’s. Numbers like 1, 2, 3 can do these jobs quite well. © 
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But if I’m buying a movie ticket I may need 4 and 1/2 
dollars or if 1 owe you money we could talk about —$10 | 
(or multiplying by some billions, the present U.S. annual 
trade deficit). 


Imaginary numbers like i or 5i and complex numbers 
like 3+2i all have reasonable physical representations 
just as other numbers do. They are used every day by 
practical people like electronic engineers and physicists 
(but, so far, not by even the most creative accountants). 


Let’s explore these new entities by examining powers 
of f. 


keystrokes: A (for Author), hold down the Alt key and type i, 
Enter. 


keystrokes: A (for Author), hold down the Alt key and type i, 
hold shift and type 6 (for *), type 2, Enter, 5 (for Simplify), 





So f' is f and f = —1. Now try f° and @*. Simplified, can 
you guess the result? Keep going and look for patterns. 
What is f° ? Predict from your experience. What is i'’ 7 
Dyfi. fi ksi. 

Ty tft"... 


wos Whatis FP! ? 2) 7? 


And what is 97 1-9? TO? T, mr"... 
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Now that you are familiar with the natural number 
powers of i and the patterns they make, we can try the 
same idea with powers of the complex number 1++. 


keystrokes: A (for Author), type (1+, hold down Alt key and 
type i, type )*1, Enter, 5 (for Simplify), Enter. 


So (1+i)' is 1+. 


keystrokes: A (for Author), type (1+, hold down Alt key and 
type i, type )“2, Enter, § (for Simplify), Enter. 


Here is another case where Derive is too quick and 
powerful for us to see what's happening. What rule for 
multiplying complex numbers is Derive using? 

We'll try (1+a)* and then substitute f to see the details. 


keystrokes: A (for Author), type (14a)*2, Enter, E (for 


So (1+a)* is a*+2a+1 and we can substitute 7 for a. 
keystrokes: M (for Manage), S (for Substitute), Enter, hold 
down Alt key and type i, Enter, arrowleft (to highlight i), § (for 
Simplify), Enter. 


This makes sense since {* is —1. Now to simplify the 
whole expression. 


keystrokes: § (for Simplify), Enter. 
Let's try (1+7)°. 


keystrokes: A (for Author), type (1+, hold down Alt key and 
type i, ype “3, Enter, E (for Expand), Enter. 
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And using our slow—motion trick .. . 


keystrokes: A (for Author), type (1+a)*3, Enter, E (for : —- 
Expand), Enter, M (for Manage), 5 (for Substitute), Enter, hold ji: «ie a 
down the Alt key and type i, Enter, arrowright (to highlight i*), 


8 (for Simplify), Enter, S (for Simplify), Enter. 26: _ * 3 why *+Z2arl 
a 2 
This slow—motion process can be helpful in many situ- Pe rest esate 


ations. Derive can help us to explore in enough detail . = ee ee Sake 
that we can actually learn some math rather than just 3: -2e2T 

accept whatever appears. Derive can produce answers “> 

quickly or it can go slowly and show the process clearly, 

We are driving, so we need to choose the speed to suit 

our current goals, 





The pattern for (1+1)" does not seem to be as easy to 
follow as @. Recall thatl’ ... i wentf,—1, —i, 1, i, —-1, 
—i, 1. We should expect something like this with (1+i)" 
although not exactly the same. As a start we'll write 
(14+7)" with n from | to 4: 


(4iy'=14 (+1) = 042% 
(141)? = —24+21 (1-+1)* = —4++01 


This form is called rectangular or Cartesian form or : 
standard form for complex numbers. There’s an advan- — 
tage... we have ordered pairs which allow us to think 

of normal two dimensional graphs. To guide our think- 
ing, we'll graph i", a known pattern, and then we'll 

graph (1+i)". First we'll set up a graph window. 
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keystrokes: W (for Window), 
% (for Split), V (for Vertical), 
Enter, tap key F1 (to change 
oe W (for Window), D 
(for Dre: ‘7 
plot), y (tor yes). 





This gives us a graphing fhe: 
window. Now we can plot : 
i. 


S...\. ff 
hi tia #2 ae bh 
a 
2 feat ater 
a 
= Ped? +a ag 


CON] IMG Conter Geleie lslp Rove Options Flet Gull leale lick: Wiedew jean 
ter ayy lee 





wid ficaln sit wt Brrive ib-pla 
keystrokes: A (for Algebra), A : 

(for Author), type [re(, hold down Alt key and type i, type “n), 

im(, hold down Alt key and type i, type “n)], Enter. 


This allows us to pull out the so—called real part of 
and plot it as the first number of an ordered pair of real 
numbers, and then pull out and plot the imaginary part 
(the number times 7) as the second number. The square 
brackets will allow us to plot the points. The whole 
expression is called par- 
ametric form. 


keystrokes: P (for Plot), § (for 
Scale), type 1, Tab, type 1, 
Enter, P (for Ptot), hold the Del 
to clear, type 0, Tab, hold 
down the Del key to clear, type 
4, Enter. 


(By the way, you should 
get a nice smooth circle. If 
you get an ellipse or oval, 








en : mE Centar Delute Hielp Rove Options Flot Gcit Seals Ticks Winios 


Feri | i = Goole a: : oi 7 oy ko 
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change your Ticks to 8 and 8 or some other numbers 
until the circle looks right... monitors are different and 
Tick settings allow us to make an adjustment.) 





What really happens is that lots of points are generated 
by numbers for n between 0 and 4. If we plotted only 
n= 1, 2,3, 4 we'd get four points which happen to lie 
on a circle. We'll use this important feature of Derive’s 
graphing program in Chapter 9. 


What about the graph of (1+1)"? 


keystrokes: D (for Delete), A (for 
All), § (for Scale), tap Del to clear, 
type &, Tab, tap Del to clear, type 6, | 
Enter, A (for Algebra), A (for 
Author), type (re((1+, hold down 

Alt key and type i, type )*n), 

im((1+, hold down Alt key and type 

i, type )*n)], Enter, P (for Plot), P 
(for Plot), Tab, tap Del to clear, 

type 8, Enter. 





So fis anice smooth circle of |]. 
radius | and center at (0,0) and [}———————— ey 
(1+%)" is a gradually expanding [ _ eT ee titan rene | 
nice smooth curve called a ee 
spiral. A circle can be thought 

of as a spiral whose radius does not change. A spiral : 
can be thought of as a circle whose radius does change. / 





The command for the real part of a number is re and 
the corresponding command for the imaginary part is 
im. These can offer many possibilities in graphing. 
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The are sine function can be interesting. I read it as “the | 

arc whose sine is x". Asin(1/2) is the arc whose sin 
is 1/2; n/6 or 30 degrees would be correct. Let's look at | 
the graph of asin(x). : 


keystrokes: A (for Algebra), A (for Author), type asinx, Enter, 
P (for Plot), D (for Delete), A (for All), § (for Scale), hold Del 
to clear, type 1, Tab, hold Del to clear, type 1, P (for Plot). 


This graph always seemed strange to me.. . cut off. 
Where is the rest? Let's look around. 





keystrokes: A (for Algebra), A (for Author), type re(asinx}, 
Enter, P (for Plot), P (for Plot), 


The original asinx has been over—plotted by a curve 
which is flat to the left and right of the original. What 
about the imaginary part of this curve? 


keystrokes: A (for Algebra), A (for Author), type im(asinx), 
Enter, P, P. 


The imaginary part comes from and goes to opposite 
directions of the real part and is zero in the region of 
our original curve. I'm very pleased with these pictures 
because they are quite new to me and I discovered 
them quite by chance while experimenting with combi- 
nations of commands in Derive. | 


What about the plot of re(sin(x+xi))? We'll be looking , 
at the sine of complex numbers like —2—27 and —1-f | 
and 3+31 and then only at the real part of the sine of 
those numbers. Try it! Superimpose the im(sin(x+x1)) 
and compare them. Did the graphs look like what you 
expected? Try im(sin(x+1)) and im(sin(x+21)). 
vector(im(sin(x+k*i)), k, 4). Don't forget to Simplify 
before plotting... 





SS nee aaa are a zi Sona aa a nee 





One of the clearest ways to see much of trigonometry is | 
to focus on basic characteristics of acircle of radius 1, © 
the so—called unit circle. 


First we'll set up 12 points which are evenly spacedon (9 
such a circle. Since there are 360 degrees in a circle, the [§ 
points are usually labeled 0 degrees at the extreme right [J 
and then 30 degrees for the first point counterclockwise © 
and then 60 degrees and 90 degrees and on around to 

360 degrees, which brings us back to the original point. 
This simple picture will allow us to develop a lot of trig. © 


keystrokes: A (for Author), 
type [cos{xdeg), sin(xdeg)|, 
Enter, W (for Window), § (for 
Split), V (for Vertical), Enter, 
tap key Fl (to move to next 
window), W (for Window), D 
(for Designate), type 2 (for 
2D—plot), y (for yes), P (for 
Plot), bold Del key to clear, 
type 0, Tab, bold Del key to 
clear, type 360, Tab, 5 (for 








If your points are not SSUGINT MMIMGM Coater Bolete Eele'laen Setions Piet Gall Seale Tiske Madea Seon 
spaced evenly on aninvis- —eiy sr Seale x21 Derive 29-niot} 


ible circle then press T for 

Ticks and change the row and column numbers until 

the dots look night. On my Toshiba T—1000, 9 and 9 : 
works very nicely. For a computer with a Hercules card, © 
12 and 20 is a good choice. Also, make sure the Scale © 
reading is | for x and y. If not, press S$ and change the 
reading. 
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Now move the marker (+) on the graph window by 
pressing the arrow keys. (If the marker doesn’t move, 
press key F] to move into the graph window). Move the 
marker (+) to the first point up from the middle on the 
right side (30 degrees). When I do this, my x reading 
(lower left of the screen) is .8687 and my y is .5. Your 
reading can vary by a small amount depending on your 
monitor and/or how close you place the marker to the 
30 degree point on the circle. Let's compare these val- 
ues with the sin(30 deg) and cos(30 deg). 


keystrokes: A (for Algebra), A 
Enter, 8 (for Simplify), Enter, 
A (for Author), type FOGG en, SIN ta #99 


Cin fom 95 


cos Mideg), Enter, 5 (for 
Simplify), Enter, X (for 
approXimate), Enter, tap key . 
FI (to move to graph window). ||” 
c: 86—6f 
50 we Can see that the x | a 
value of our point at 30 sivas 
degrees is —.8687 which is 
almost identical to 
cos(30 deg) and the y value 
of this point is exactly _ : 
equal to sin(30 deg). Move the marker to the next 
point (60 deg). I get an x reading of 0.5 and ay reading “J 
of 0.875. We'll check the numbers: . 





keystrokes: A (for Algebra), A (for Author), type sin(60deg), 
Enter, 5 (for Simplify), Enter, X (for approXimate), Enter, A 
(for Author), type cos(60deg), Enter, § (for Simplify), Enter, Fl 
(to move to the graph window). 


We see that sin(60deg) is almost exactly the same as the F 
y value at 60 degrees and cos(60 deg) is exactly the | 
same as the x value at 60 degrees. The x and y values 
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represent the perpendicular distances from the axes to 
that 60 degree point on our unit circle, 


Combining these two ideas, we see that sine and cosine | 
of an arc are just fancy names for the x and y coordi- 
nates of the point on a unit circle (centered at (0,0)) at 
that arc distance from the 0 point on the circle. 


Since the circle on the screen has a radius of 1, the ii 
sin(90 deg) must be 1; try it! What is the sin(270 deg)? e 
cos(180 deg)? Did you notice the sin(30 deg) was the 
same as the cos(60 deg)? Can you see that result from 

the points on the circle? Compare sin(60 deg) and 

sin(120 deg). Compare sin(30 deg) and sin(—30 deg), 
Also, cos(30 deg) and cos(—30 deg). How would sin(x) | 
and sin(—x) compare? Look at the points on the circle = | 
to try to answer these 
questions and also use the 
algebra window. 


keystrokes: A (for Al che A I“ 
Enter, § (for Simplify), Enter. 


keystrokes: A (for Author), 
type cos(—x), Enter, S (for 
Simplify), Enter. 


Nia: ti f- =f 
It is possible to have |e fu 
Derive show the segments [I 
which represent sine and 
cosine on the points of the 
circle: 





keystrokes: A (for Author), type all of the following inside the 
square brackets including the commia: |cos(30deg), x 
sin(30deg)), Enter, P (for Plot), P (for Plot), hold Del key until 
clear, type 0, Tab, hold Del until clear, type 1, Tab, C (for 
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This segment represents sin(30 deg). Try for 


sin(150 deg) and sin(60 deg) and sin(—60 deg) and... 


To represent cos(30 deg): 


keystrokes: A (for Algebra), 
A (for Author), type 
Enter, P (for Plot), P (for Plot), |) 


Try for cos(—30 degrees), 
cos(150 degrees), 
cos(300 deprees), 
cos(780 degrees). 


Based on our experience ty reas ne 3, = AM cam 993 
above we canlistsone rE 
identities (open sentences 
that are true for all legal 
substitutions): 


cos(x+360deg) = cos(x) 
sin(x) = —sin(—x) cos(—x) = cos(x) 
sin(x) + sin(x) is not equal to sin(2x) 

sin(x) = sin(180deg—x) — sin(x)/cos(x) = tan(x) 
sin(x+180deg) = —sinx 


sec(x) = 1/cos(x) 


Make up lots more of these yourself. Look at the unit 
circle for clues. Make many errors and you will learn. 
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So far, we have measured our locations on the unit 
circle by degrees, with 360 degrees to each complete 
turn. A second way of measuring locations on a unil 
circle is by measuring the actual distance from a fixed 
reference point on the circle (usually at the far right of 
the circle), Since the distance around any circle is 27% 
radius, and since, by definition, the radius of a unit 
circle is 1, then the distance around a unit circle is 21. 
Since mt is about 3.14, then the distance around is about 
6.28. If we measure locations on a unit circle by dis- 
tance, the unit is called radians. | radian is about 1/6 
of the way around the circle or about 60 degrees: 2x radi- 
ans takes us all the way around, so itmustbethe same §@ 
as 360 degrees. 


The following keystrokes will construct a complete unit . 
circle using radian measure instead of degrees: 


keystrokes: Tap Fltomoveto f 
the graph window (if | 
necessary), D (for Delete), A 

(for All), A (for Algebra), A 
(for Author), type [cosx,sinx |}, 
Enter, P, P, hold down Del key | 
until clear, type 0, Tab, hold 
down Del key until clear, type 
2, hold down the Alt key and 
tap P (for x), Tab, C (for 


So, if we use sin(x) or 
cos(2x) with no deg in the 
parentheses, then we are = ttt ofits 

automatically using radi- —— 

ans, and O to 27 gives a full circle. If we want lo use : 
degrees a8 our unit then we use sin(xdeg) or scelzaaea) | 
and 0 to 360 is a full circle. ' 





I 
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The following suggestions may help you to see how to 
handle radians on Derive. 





strokes: FI to the graph 
olin if you're not there 
already, D (for Delete), A (for 
All), P (for Plot), Tab, tap Del 
key once to remove the 2, 
Enter. 


By going from 0 to pi we 
constructed 1/2 a circle, 
just as when we went from 
O degrees to 180 degrees. 
So, sin(180deg) should be 
the same as sin(7). 





G nil 


keystrokes: A (for Algebra), A (for Author), type Fis gan tans oy Sc es 
sin ides =sin(, and now hold down the Alt key and tap P . : 
(for x), type ), Enter, S (for Simplify), Enter, 





What about cos(90deg) = cos(1/2), or sin(1.5m) = 
sin(270deg), or cos(2m-+4) = cos((360+180)deg)? Is 
sin(3) < sin(2) or is it sin(2) < sin(3)? 


If S for Simplify doesn't change your expression into a 
number you want, then use X for approXimate. 


Opportunities: 


Does sin((30deg)+(60deg)) = sin(30deg)+sin(60deg)? 


Look at the unit circle to understand what is happening. © 


Make up more examples in which a statement you 
might expect to be true is in fact false. Clear your graph || 
screen and i LCOn), are from 0 to sical from 0 to 5 





Trigonometry 
Chapter 9 


2 2/6; from 0 to 3 n/6... Try to get the same effect 
using [cos(xdeg), sin(xdeg)|. Use Delete All before 
starting a new graph. 


Does sin(2deg) = cos(2deg)? Look at the unit circle to 
see why they're not equal. Can you find an x so that 
sin(2deg) = cos(xdeg). Can you find more than one 
value for x? For what x does sin(3deg) = cos(xdeg)? 
... does sin(4deg) = cos(xdeg)? Can you generalize this 
experience so that for any k you can predict an x in 
sin(kdeg) = cos(xdeg)? 


Which of the following statements are true? 

If a statement is false then fix it up so it is true. 

If true, then make up more examples like mine. 
sin(91deg) = sin(89deg) 

cos(179deg) = cos(ldeg) 

sin(m/6) = sin(13 m/6) = sin(25 1/6) = sin(37 7/6) 
tan( 27/6) = tan(60deg) 

tan(45deg) = sin(45deg)/cos(45deg) 

30deg = 1/6 = 13 £/6 

sin(30deg) = sin(13 1/6) 

sin(lOdeg) =? sin(20deg)=? sin(30deg) =? 
Continue this sequence and look for patterns. 

Do the same for cos(x), tan(x) (which is sin(x)/cos(x)), 


cot(x) (which is 1/tan(x)), sec(x) (which is defined as 
L/cos(x)), and csc(x) (which is 1/sin(x)). 
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Clear your graph screen with Delete All (remember to 
be in the graph screen before you take action-look for 
the shaded number at the top of the window and use F] 
to shift between windows) and experiment with repre- 
sentations of sin(x) and cos(x). 


keystrokes: A (for Algebra), A ff 
(for Author), type [cos(90deg), 
xsi Mideg)), Enter, P,P, bold 
down Del key until clear, type 
6, Tab, hold down Del key until | 
clear, type 1, Tah, § (for Step), | 
type 11, Enter. 


If you'll look closely at 
your vertical or y axis you'll 


mn - nice “ruler”, sepa- ee 
rated into tenths. Since ore awe 


sin(90deg) is 1, each of the |: ousamseemsummun | 
marks on the “ruler” repre- at ae Coster ae Help Seve Options Plat theif foals Ticks Windes Boon 
sents 1/10. Now plotth “= = ag _ferive Bests 
following unit circle. 





keystrokes: A, A, type [cos(udeg),sin(xdeg)|, Enter, P, P, hold 
Del to clear, type 0, Tab, hold Del to clear, type 360, Tab, C (for 
Continuous), Enter. 


Now we can put our “ruler” where we want to on the 
unit circle to measure the value of the sine. 
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keystrokes: A (for Algebra), 
arrowup to [cos( deg), 
xsin(*deg)), A (for Author), 
press F3 key (to copy), hold 
Citri key down and press key A 
until the underline moves to 
the 9 of con(hdeg) and then deemed i sine 
type 3, Enter, P,P, hold Delto J” *™ oO" 
clear, type 0, Tab, hold Delto |)? *=® 

clear, type 1, Tab, 5 (for Step), [}4: cos (98 "), « Stn (ge ")] 
hold Del to clear, type 11, Is: (COG te"), REN Ce *9) 





(oS int, SIN ind) 


Now, if you count spaces 
from the bottom, remem- 
bering that each space Is | 
1/10, you'll get about 5/10 as the distance from the hon- 
zontal midline of the circle to the crossing of the circle. 
So, we confirm that the sin(30deg) is 1/2. Try moving 
the ruler to 60deg or 120deg or... Try making a hori- 
zontal “ruler” for exploring cos. (You could make life 
easier if you made a ruler from paper and used that on 
your screen). 





Trigonometric Identities 


An infinite number of algebraic equations are true for 
only certain values of their variable; for examples 
2x+5=13 is true for only x=4 and x*-1=24 is true only 
for x=5 or —5. 


Another infinite number of algebraic equations are 
true for all legal substitutions: x+x=2x and 
(x4+3)-=x74+6x4+9 are always true.There are analogies in 
trigonometric equations. 


cos(xdeg)=1/2 is true for x60 degrees or x=300 de- 
grees or x=—420 degrees or x=660 degrees and so on. 
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Although this equation is true for an infinite number of 
values of x, they are all versions of the original 2 an- 
swers; the equation is not true for all values of x... . 
such as 26 degrees. 


Other trigonometric equations, called identities, are true 


for ail legal substitutions. Derive can help you 
understand and manipulate these expressions. 


keystrokes: M (for Manage), T (for Trigonometry), E (for 

Expand), S (for Sines), Enter, A (for Author), type ; =a | 

sin(x+ deg), Enter, § (for Simplify), Enter,M,T,A,A,Enter.|,, _COS (x) | 43 SIN (x) 
2 2 





lf you plot sin(x+30deg) and the simplification of the 

same you'll see that the graphs look identical. If you | 
substitute random numbers for x in each expression and | 
approXimate, you'll get the same results. : 


With the help of the vector command we can make a 
list of expressions; with the help of square brackets we bes 
can display this list in a table. a 
keystrokes: A (for Author), type 3: VECTOR <{SIN (n wl, m4) 


vector((sin(n®x)|,n, 4), Enter, 8 (for Simplify), 


| SIM tx) 
Enter, M (for Manage), T (for Trigonometry), E : 





(for Expand), S (for Sines), Enter, S (for Simplify), ja: | 7!™ %* *? 
Rint: SIM (3 x) 


SIN (4 x) 
Return the settings to Auto, which is the a 
default case, when you have finished ex- 
perimenting. We've only begun to explore 
the possibilities here. 





Like most graphs, the graph of sin(x) = y goes on and 
on to the left and the right. We are flying over an elec- 
tronic field of graphs when we look al a graph on De- 
rive. We are seeing only a small part of the graph. By 
pressing key F9 or F10 we move closer to the graph or 
back away to see a wider part of the graph. First we'll 
set up our graphing window and do a trig graph. 


keystrokes: W (for Window), f 
§ (for Split), V (for Vertical), 
Enter, tap key Fl (to move to | 
the next window), W (for 
Window), D (for Designate), 
2 (for 2D-plot), § (for Scale), 
tap Del to clear, type Alt p 
(for x), Tab, tap Del to clear, 
type 1, Enter, A (for 
Algebra), A (for Author), 
type sinx, Enter, P (for Plot), 
P (for Plot). 


Each mark on your grid 
horizontally is worth 7m ts am 

and each mark vertically =“ 

is worth 1. We see that the highest the sine curve 
reaches is | and the lowest is —1. We also see that the 
curve repeats approximately every 2 screen units hori- 
zontally, since each screen unit is worth 7, then repeat- 
ing begins every 27. You can use the marker (+) on 
your screen and the corresponding x and y numbers at 
the lower left part of your screen to find the coordi— 
nates that match points on the screen. Try it! Use PgUp 
and PgDn and hold Crl key down and arrow left or 


right for bigger jumps. Use arrow keys only if you want | 
small jumps. 








97 


Graphing Trig Functions 
a 10 


= mano mons =o See sees ens ate stat Baan, Pa a 


Now we'll put a cosine curve on top of the sine curve 
and try to make some comparisons. 


keystrokes: A (for Algebra), A 
(for Author), type cosx, 

Enter, P (for Plot), P (for 
Phot). 


As you can see, the cosine 
curve looks about the same 
as the sine curve...uptol | 
and down to—1... over 
and over. The only differ- 
ence seems to be a horizon- 
tal shift. Graph the follow- 
ing suggestions to see the 
trend. 


keystrokes: A (for Algebra), 
A (for Author), type 

coa(x—1), Enter, P (for Plot), P 
(for Flot). 


keystrokes: A, A, type 
cos(x—1.5), Enter, P, P. 


keystrokes: A, A, type 
cos(x—1.7), Enter, P, P. 


What value of the variable 
k, in cos(x—k), shifts the 
cosine curve on top of the 
sine curve? Can you find 
more than one value? Can 
you shift sine to cosine? Try... try... guess a lot, don't 
be afraid to make “mistakes”. The best students are 
very experimental, Weaker students are too cautious. 
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Opportunities: 


keystrokes: D (for Delete), A 
(for All), A, A, type sins-+1, 
Enter, P, P. 


keystrokes; A, A, type 
sinx—1, Enter, P, P. 


Patterns? .. . Wanations? 
. You try! 


keysirokes: D (for Delete), A 
(for All), A, A, type cosx, 
Enter, P, P. 


keystrokes: A, A, type 
cos(2x), Enter, P, P. 


keysirokes: A, A, type 
cosi 3x), Enter, P, P. 


See anything’... 
patterns? ... ideas? . . - 
experiment! You can 
always delete some or all 


and redo for a clearer look. | tor ‘ 





Graphing ~ oe 
pier 10 
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keystrokes: D (for Delete), 5 
A (for All), A, A, type sinx, | 
Enter, P, P, | 


keystrokes: A, A, type 2sinx, /\ i \\ il 
Enter, P, P. ee el B 
keystrokes: A, A, type 3sinx, ] : — 
Enter, P, P. \ J 
La f 

Try some of these ideas VY | 





with tanx (which is sin(x)/ 
cos(x)) or sec(x) (which is 
L/cos(x)) or cot(x) or 
csc(x). How about looking 
at where sin(x) and cos(x) a 
cross? Graph them on the same grid and use the arrow 
keys to locate the marker (+) at the crossing points. : 
Make a list of the (x,y) values at the first four crossing 
points and project out these answers in a pattern. Use 
F9 to zoom in for a closer look or F10 to back up for a 
wider view, 





i: 0 ind 
& @ 00h in 






© EEE Canter Belets lisp Reve Options Fist 8 











11 feale Tielke Window 


eu Seale a: 0. babs oid 





Do sin(x) and tan(x) ever cross? Where? How often? | ' 
etc. Do sin(x) and cs¢(x) ever cross? cos(x) and sec(x)? | 
tan(x) and cot(x)? 


Graph cosx and cos(—x). How many graphs do you see? a 
Try sin{x) and sin(—x) . . . try cos(x) and —cos(x), sin(x) _ 
and —sin(x). What's going on here? Patterns or no pat- 
terns? The more you look the more you'll see. 


What about sin(x) + cos(x) or sin(x) —cos(x) or. . . ex- 
periment a lot. Where do graphs cross? When do they 
repeat? When do they move up or down? . . . left or 
right? When do they stretch out or shrink? 
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Two Big Opportunities: 


keystrokes: D (for Delete), r ——— — . ee 
A (for All), A (for Algebra), A 
(for Author), type sinx, 

Enter, C (for Cabculus), 

T (for Taylor), Enter, Enter, 
Enter, § (for Simplify), 

Enter, P (for Plot), 5 (for 
Scale), hold Del to clear, 

type 1, Tab, hold Del to 1 TT 
clear, type l, Enter, PF (for ts — = tui, a &. Sb 
graph is done, A (for ja: THTLOR CHTW id, =, @, 77 
Algebra), A (for Author), | 

type sinx, Enter, P (for Plot), 
P (for Plot). 















This shows a great idea. A 

Taylor Expansion creates an approximation for the 
original function. So, we see that the graph of sin(x) 
seems equal to the graph of x*/120 — x*/6 + x, espe- 
cially around x = 0. 


keystrokes: A (for Algebra), C (for Calculus), T (for Taylor), 
Enter, Enter, type 7, Enter, § (for Simplify), Enter, P, P. 


This gives an even closer result. Look at these three 
graphs superimposed and then tap key F10 once and 
look again. 


Try lots of things here . . . cos(x) or tanx instead of 
sin(x), or e*, or extend to more terms, or center atsome © 
place other than 0. Try 3 factorial (3!) and simplify .. . 
and 4 factorial (4!)...see anything?...Go...go... 7 
go. | 
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keystrokes: W (for —— ——e : 
Window), © (for Close), 
Enter, R (for Remove), tap 
Home key, Enter, A (for 
Author), type sinx+sin(3x)/ 
Saint Sx \/S-+-sin(7x)/7, 
Enter, W (for Window), 

5 (for Split), H (for 
Horizontal), tap Del to 
clear, type 16, Enter, 

W (for Window), D (for 
Designate), 2 (for 2D—plot), 
y (for yes), S (for Scale), tap 
Del to clear, hold Alt key 
and type P, type /2, Tab, tap 
Del to clear, type 0.5, 

Enter, © (for Options), 

A (for Accuracy), tap Del to clear, type 8, Enter, P (for 
Plot). 





What would this curve look like if it were extended for 
3 more terms? Use F9 to move in for a close look. Try 
sin(x) on top of this and sin(3x)/3 etc. The name of 

J, Willard Gibbs, a famous American physicist of the 
19th century, is connected to this system. There's a lot 
here to wonder about. 


a aes Ste ei fi 
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At times we are expected to solve equations which have - 


Wariables inside of trig functions. Derive can solve 
many such equations by a variety of methods. Suppose 
our equation is sin(x) = 1/2 and we are asked to locate 
numerical value(s) for x that make this open sentence 
true, (or, as many people would say, find value(s) of x 
to “satisfy the equation”). 


One approach always available is to substitute some 
numbers for x to get a “feel” for the situation. 


keystrokes: A (for Author), type sinx=1/2, Enter, M (for 
Manage), 5 (for Substitute), Enter, type 3, Enter, X (for 
approXimate), Enter 


Now that we see the result of our first guess, in what direc- 
tion do we go? My usual idea at this point is to ask “too | 
big or too small?” Since 0.141120 is smaller than 0.5, 
maybe we need something bigger than 3 for x. If x gets 
bigger, does the sin(x) get bigger? If we don’t know, it’s | 
unclear how to proceed. Maybe a graph of sin(x) would 
help. First we set up a graphing window and then graph | 9 
the sine. | 





 'W (for Window), 
§ (for Split), V (for Vertical), 
Enter, F1 (to move next 
window), W (for Window), D 
(for Designate), type 2 (for 
2D plot), y (for yes}, 
A (for Algebra), A (for 
Author), type sinx, Enter, P 
(for Plot), § (for Seale), tap , 
Del to clear, type 2, Tab,tap = ft) Nis 
Del to clear, type 2, Enter, P fm 69) — 
(for Plot). ; 
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With our graph of the sinx in front of us and the marker © 
(+) to locate points, we are in business. Tap the arrow 
keys a few times to see the marker (+) move on the 
screen. Tap PgUp and PgDn for bigger jumps and hold | 
the Ctrl key down and tap arrow left and arrow right for | 
bigger jumps horizontally. Look at the lower left part of | 
your screen to see the x and y readings for where the 
marker (+) is on the screen. 


Move the marker up or down until the y reading is .5 

and then left or right until the marker (+) is on the : 
curve. When I do this I get x:2.5937 y:0.5. What do you = 
get? Can we have different answers? : 


Can we both be correct? 


One way to locate the places on the graph of sin(x) 
where y is 1/2 is by placing a second graph onto the 
field. What graph? y = 1/2. 


keystrokes; A (for Algebra), 
A (for Author), type 1/2, 
Enter, P (for Phot), F (for 
Plot). 


On my graph, with scale at — 
K:1 y:1, I get 3 locations of | 
crossing of y = 1/2 and | 
y = sin(x). Using the arrow 
keys to move the marker 
(+), I get 3 pairs of num- 
bers for these locations: 
(—3.7187, 0.5), (0.5312, 
0.5) and (2.6562, 0.5). See 
what numbers you get. 
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If I now tap F10 (to back away) and see a wider view of u | 
the sine curve and y = 1/2, I notice that there are6or7 | 
points of crossing, depending on what monitor I'm 
using (monochrome graphic monitors show more). 


keystrokes: F10 (to move away). 


If 1 do F10 again the picture is hard to see but about 
15 or 16 or 17 crossing points appear. In order to see 
the crossing points more clearly, I change the y scale 
to 0.5, giving a vertically exaggerated picture but one 
that serves my purpose, 


Your picture and mine may vary a bit because our 
monitors are different. You can change the scale to 
get the picture you wanl. 


keystrokes: 5 (for Scale), tap Del to clear, type 10, Tab, tap Del 
to clear, type 0.5, Enter. 


If we use arrow keys to move on the grid, we can then 
read off each of the values with some decent accuracy 
(hold Ctrl key down and tap arrow left and/or arrow 
right keys for larger jumps). Since sine curves go on 
forever to the right and left, there are an infinite num- 
ber of solutions. There is also a regular pattern to 
where they occur. You may want to try this yourself. 
The graphical means described above can be used for 
all kinds of situations both with trig functions and 
without. Please make yourself a note to use this 
method in many situations until it becomes a habit. It 
produces good results. Besides, no other way makes it 
so clear as to what is really going on. 





How else could sin(x) = 1/2 be solved? Well . . . how i | 
about a nice simple way’? : 
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keystrokes: A (for Algebra), A (for 
Author), type solve(sinx=1/2, x}, Enter, 

5 (for Simplify), Enter, X (for | 
approXimate}, Enter. 


50 Derive just solved it for us. It 
produced three roots, notthe 16 | 
solutions we see on the graphs or — 
the infinite number we can see in our minds. 





keystrokes: A (for Author}, hold down the Alt key and tap P a 
(for pi), type /2, Enter, X (for approXimate), Enter, 1%: 





This way of measuring x is called radians; 2m radians | 
takes us a full trip around a circle. —1/2 to n/2 is from / 
the bottom of the circle, up the right side, to the topof 
the circle. 


With a few changes we can produce a sine curve limited 
to just the part (called the principal value), where De- 
rive’s equation solver will look for a solution. 


keystrokes: Fl (to move tothe , 
next window), D (for Delete}, 

A (for All), A, A, type [x, sinx], 
Enter, P (for Plot), § (for 

Scale), hold Del to clear, type 

1, Tab, hold Del to clear, type 

1, Enter, P (for Plot), hold Del 

~1 57, Tab, hold Del key down 

lo clear and type 1.57, Enter, 


This shows the sine curve 
from —m/2 to m/2. We ac- : Aare 
complished this by using  [Gssocnemmromocca 
the parametric form (that [Ber ss, foe. 

is, the square brackets 
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notation and giving left and right boundaries to the 
variable). We'll now pick up the straight line by 
parametrics, 


keystrokes: A (for Algebra), A (for Author), type [x, 1/2], 
Enter, P (for Plot), P (for Plot), Enter. 


So we can see there is only one solution in the re- 
stricted domain of the principal value of sine. 


The solution obtained by solving sin(x) = 1/2 algebrai- 
cally was 7/6 or .523598. We can also get the answer 
in degrees. 


keystrokes: A (for Algebra}, A (for Author), type 


sin(xdeg) = 1/2, Enter, L. (for Solve), Enter, ; 


E 13; SIN (x ") = — 
We see that sin(30 degrees) and a are the same on 
number; it’s like saying 2° and 8 . .. different names for a 
the same number. 





Let me leave you with a list of Primo Opportunities for 
our further development. 


Primo Opportunities: 

1. Graph sin(x*) and y = 1/2 and look for where they 
cross. Compare these results with the results in the 
main problem of the chapter. 


2. Graph (sin(x))* and y = 1/4 or (sin(x)) and y = 1/8 
and look for crossing points. Try it algebraically. 


sane ee ea = ae a, SS Te 
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3. Solve sin(2xdeg) = 1/2 and sin(x) = 1/2... compare | 
your results. Try solving sin(2xdeg) = | and sin(x) = 1 
and compare. Try sin(9x) = 1 and sinx = 1. What do 

you see? ... what did you expect? 


4. Get any high school or college algebra book and look t 
for problems that include equations involving trig func- | 
tions. Try them and compare Derive’s results with the 
book's, 
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Subtle Situations 


Gradually, over the past three and one—half years of 
using Derive, I have learned that A Mathematical As- 
sistant is not only powerful, but also subtle. | recom- 
mend this chapter especially for harried reviewers of 
computer programs, who don’t have the opportunity to 
use a program long enough to see what you will see 
here. 


For example, Derive handles the absolute value func- 
tion with great care, 


keystrokes: A (for Author), type absx, Enter, 5 (for Simplify), 





We see that when we simplify the absolute value of x, 
Derive retums the same expression we put in. We all need 
to realize that this does not necessarily mean that Derive 
cannot deal with the situation. Derive is simply exercis— 
ing appropriate restraint. I'm using x in the default case, 
which is a real number defined from negative infinity to 
positive infinity. 


What if we choose a specific value for x? 


keystrokes: A (for Author), type abs4, Enter, S (for Simplify), Serenata nose 


Here we have a tiny bit of action. The absolute value of : 
4 is just plain 4. What about the absolute value of a i 
negative number? if 


keystrokes: A (for Author), type abs(—7), Enter, § (for is: = | 
Simplify), Enter. | 


It seems that the absolute value of a number is the posi- | 
tive number with the same digits. | 


anna 
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Now to the subtle part. When we authored absx and 
simplified, Derive returned what we authored in an 
unchanged form. Suppose we Declare x to be positive 
and then simplify absx and then repeat the process with 
x declared to be negative. What will happen? 


keystrokes: D (for Declare), V (for Variable), type x, Enter, P el 
(for Positive), arrowup (to highlight absx), § (for Simplify), 
8 = x = 


So we see that the absolute value of x is x itself as long 
as k iS positive, 


What if x is negative? Will Derive simplify abs(x) if x is 
negative? 


keystrokes: D (for Declare), V (for Variable), type x, Enter, R 
(for Real), tap Del key to clear, type —inf, tab 3 times, tap Del 
key to clear, type 0, Enter, arrowup (to highlight absx), § (for 
Simplify), Enter. 


We see that abs(x) is —x if x itself is a negative number. 
People ask how can abs(x) be a negative, namely —x? 
Well, —x is not a negative number if x is a negative 
number. Try the following to see what's happening. 


keystrokes: Arrowup (to highlight absx), $ (for Simplify), 
Enter, ica, _ type —3, 
Enter, $ (for Simplify), Enter. 





If x is positive then abs(x) is just plain x. BUT if x is 
negative, abs(x) is —x; which says, Take x (which is 
negative) and take the opposite of it. 
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Opportunities: 

1. Find abs(x*) simplified if x is Declared positive. 
2. Find abs(x*) simplified if x is Declared negative. 
3. Find abs(x*) simplified if x is Declared positive. 
4. Find abs(x*) simplified if x is Declared negative. 
5. Find abs(x"") simplified if x is Declared positive. 
6. Find abs(x") simplified if x is Declared negative. 


Another example of wonderful software design is De- 
rive's handling of inequalities. If 2x < 12 then x < 6. 


keystrokes: A (for Author), type 2x<12, Enter, L (for solve), 


No problems in sight! But. . . 


. kes: A (for Author), type —2x<12, Enter, L (for soLve), 
Enter. 





Did you notice in the last case that the inequality sign 
changed from < to >? Again, it is a case of handling 
positive and negative values with care. If we generalize 
with k, a real number from negative infinity to positive 
infinity, how will Derive handle kx < 12? 


keystrokes: A (for Author), type kx<12, Enter, L (for soLve), 





Derive takes no action in solving kx < 12. It seems 
ineffective. 
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Let's Declare k to be positive and try again. 


keystrokes: D (for Declare), V (for Variable), type k, Enter, 


D, (for Domain), P (for Positive), L (for solve), Enter, Enter, 18: x¢ — 


And what if we Declare k to be negative? How will 
Derive react? 


keystrokes: D (for Declare), V (for Variable), type k, Enter, 

R (for Real), tap Del key to clear, type —inf, Tab, Tab, Tab, type 
0, Enter, arrowup (to highlight kx<12), L (for soL.ve), Enter, 
Enter. 





[ believe this is an impressive display of proper use of 
mathematical symbols; a quality which deserves recog- 
nition and praise. 


When I first began to use symbolic algebra programs, 1 | 
was amazed to find that ab was read as a single variable | 
and not as the product of two variables a and b. This : 
seemed absurd and caused me to wonder about such 
programs. | complained to people more experienced 

than I and they said it had to be this way. People want 

to use a common word as a variable, like force and : 
don"t want it to be interpreted as f*o*r*c*e. | saw their 
concem but I wasn't happy. | often teach people begin- 
ning algebra and I thought this procedure would make 
algebra appear confusing for the naive user. How does 
Derive deal with this situation? Beautifully! 


keystrokes: A (for Author), type (force)*2, Enter, § (for 
Simplify), Enter. 


In the default case force is seen as f*o*r*c*e so when — || 
squared and simplified each letter is a variable and | 
squared. This is not what you want for the variable ifi 
force but it is what we want for ab, that is, a*b. 


20: (fore 7 


a - «# 
2i: « a Pi Py ® 





ee 


systrokes: A (for Author), type (ab)*2, Enter, $ (for 
Simptify), Enter. 


Here are a few examples in the Word Mode: 





keystrokes: A (for Author), type 
force=mass*acceleration, Enter, L (for solve), Enter, 
keystrokes: A (for Author), type (pl*vl)/t1=p2¢v2)/12, 
Enter, L (for solve), Enter, tap Del to clear, type (2, 


p, ¥ and t represent pressure, volume and temperature 
of a gas. 


Many of us expect the cube root of —8 to be —2 since 
(—2)? = —8. Derive thinks the answer is 1+sqri(3)i be- 


force = wass acceleration 
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force 
acceleration 





cause (1+sart(3)i)? is —-8. Mathematicians say this is the 7 


"correct solution” because it is the Principal Value in 
the complex plane. We can get the "common sense" 
answer by using Manage-Branch-Real to get the cube 
root of —8 = —2. If your graph of y = x"” is less than 
you expect, do Manage-Branch-Real and graph again. 


Here are three very different circumstances in which 
Derive responds with no action (echoes your input): 


1, Request the inverse of a matrix whose determinantis ~ 


zero. In this case Derive is signaling that there is no 
correct answer. 


2. Simplifying sin(2x) with all settings at default. In this 


case Derive is signaling that it cannot do the job; if we 
do Manage-Trig-Expand-Enter-Simplify, we get our 
result. So in this case there is an answer which Derive 
can obtain but we must make adjustments. 
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3. Ask Derive to solve sin(2x}=cos(3x) and we get no 
answer except a message “Memory Full", This indi- | 
cates that Derive cannot do it and we don't know why = 
(it might be a bug). If we do Manage-Trig-Expand- 
Enter-Simplify and then soLve we get our results. 


Another wonderful (but confusing) example of Derive 
sublety is: 


keystrokes: A (for Author), type x*n, Enter, C (for Calculus), 1 
(for Integrate), Enter, Enter, Enter, § (for Simplify), Enter 


This looks familiar but wrong. Why isn't the result of 
the integral x™'/n+1? The answer is: we are in trouble if 
nis —1. When n=—1 the simplification of the integral | rT 
should be In(x). Derive is taking this fact into consider- | 
ation and presents one answer which is true in all cases. © 





keystrokes: C (for Calculus), L (for Limit), Enter, type n, Enter, 
type -I, Enter, 5 (for Simplify), Enter 
If we declare n to be positive and simplify the same 
integral we get the usual answer. 





I know of no other symbolic algebra program which 
exhibits this extreme degree of care, Bravo! 








I'll start you off on 3D graphs quickly by suggesting 
that we split up our screens into 7 windows: | full 
length window, at the right side of our screen for the 
equations that we'll graph, and 6 approximately square 
windows in 2 rows of 3 each which will be 3D win- 4 
dows. What I’ll describe applies particularly to asystem | 
with EGA or VGA color; you'll face fewer choices and ~ 
have less pretty results in monochrome or in CGA, 

First, we'll prepare the conditions for the single win- 

dow. 


keystrokes: W (for Window), D (for Designate), 3 (for 3D- 
plot), O (for Options), D (for Display), G (for Graphics), H (for 
High), E (for EGA), Enter, E (for Enhanced) or, depending on 
your monitor, maybe C (for Color), and then H (for Hide), ¥ 
(for Yes), O (for Options), C (for Color), P (for Plot), tap Del to 
clear, type 11, Tab, tap Del to clear, type 9, Tab, tap Del to 
clear, type 12, Enter. 


This activity sets up a window the way | want it. We'll 
next split this window into several, all with the same 
characteristics as the first. We will not have to adjust 
each window, 


keystrokes: W (for Window), 5 
(for Split), V (for Vertical), 
Enter, W (for Window), 5 (for 
Split), H (for Horizontal), 
Enter, W (for Window), 5 (for 
Split), V (for Vertical), Enter, 
tap key Fl twice (to move to 
window 3), W, 8, ¥, Enter, tap 
key Fl twice (to move to 
window 5), W, 5, V, Enter, W, 
S, H (for Horizontal), Enter, 
tap key Fl twice (to move to 
Designate), A (for Algebra). 
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Now we have 6 graphing windows and 1 long algebra [| 
window. We will create similar pictures in each graphing | 9 
window to show some of the different possibilities for 

3D graphing with Derive. Tapping key F1 will move you 
forward through the windows; to move back through 

the same windows, hold 
down Ctrl (or Control) key 
and tap F1. Try it now. 


Next we'll enter an equa- 
tion to plot, accepting the 
initial conditions of all the 
controlling variables. 


keystrokes: A (for Aloebra—if | 
you're not already in the 
Algebra window), A (for 
Author), type z=x"2—y "2, 
Enter, tap key F1 (to move to 
window 1), P (for Plot). 





We see a 3D plot that is usually called a saddle. For our | 
first change we'll make the grid numbers 6 (instead of | 
10, the default case), 


keysirokes: Tap key F1 (to 
move to window 2), G (for 
Grids), tap Del key to clear, 
type 6, Tab, tap Del key to 
clear, type 6, Enter, P (for 
Plot). 


The picture in window 2 
should have 6 strips in each 
of the x and y directions; in | 
window | there should be 
10 strips in each direction 
(try to count them). 
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Next we'll go to window 3 and change the locationof | 
the “Eye” that looks at the 3D graph, thus changing our | 
view. In windows | and 2, the saddle is viewed from x=20, | 
y=15 (the default settings), and z=75 (a positioncom- 
puted by Derive). In window 3 we'll look from x=1, 

y=15 and z=75. Before you plot the graph try to imag- 

ine what the saddle will look like. 


keystrokes: tap key Fill (to 
move to window 3), E (for 
Eve), tap Del key to clear, type 
i (for x), Enter, P (for Plot). 


In window 3, for the first 
time, we can easily count 
the 10 strips in the x direc- 
hon. 


For window 4, we'll look 
from x=1, y=1 and z=75. 
Imagine the result. 


keystrokes: tap key FI (to 
move to window 4), E (for 
Eye), tap Del to clear, type 1 
(for x), Tab, tap Del to clear, 
type 1 (for y), Enter, P (for 
Plot). 


In window 4, we can see 
clearly the 10 strips in each 
of the x and y direction. 





i, 
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Next, how about a look at the saddle from an end, | 


where we can see a bit of the underside? Think of a set 
of Eye coordinates that would do this. Then see 
what I chose. 


keystrokes: Fl (to move to 
Tap Del to clear, type I (for y), 
Tab, tap Del to clear, type 45 
(for z), Enter, P (for Plot). 


For window 6, let's keep all 
conditions the same as win- 
dow | but change the col- 
ors. (If you don't have a 
color monitor, experiment 
with a different Eye or Grid 
setting.) 


keystrokes: Tap key Fl (to 
move to window 6), O (for 
Options), C (for Color), W 
(for Work), Tab, tap Del to 
clear, type 12, Enter, 0 (for 
Options), C (for Color), P (for 
Plot), Tab twice, tap Del to 
clear, type 14 (for axes), Enter, []- 
P (for Plot). 


Now we can study these 6 
pictures as long as we like; 
move from window to 
window to examine the 
Menu items to see the 
differences that create the 
various pictures. 





118 


3D Graphs 
Chapter 13 










When you are ready, we can try a new equation and 
run it through the 6 windows. 


keystrokes: A (for Algebra), A (for Author), type 

ma" 4e-y, Enter, tap Fl (to move to window 1), © (for 
Options), C (for Color), P (for Plot), Tab twice, tap Del to 
clear, type 12 or some other color you'd prefer (for axes), 
Enter, P (for Plot). 


When you're ready, tap key Fl to move to a new win- 
dow and then tap P (for Plot). 


Many equations can be tried in this manner (or in ways : 
you invent for yourself). Some suggestions are: 
z=x7y, z=x*y, z=xy', z=tan(xy)/cos(xy) or... 





COMMAND: YET Center Eve Focal Grids Hide Length Options Plot Guit Mindow Zoom 


eae 
Gontew aia u:8 Length x:18 wig Derive 3D-plot 
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A function like are sine of xy will generate complex | 
numbers for some values of xy. If we plot the imaginary | 
part we could get an interesting graph. . 


keystrokes: Use the Fl kev to 
Tove to window 6, W (for 
Window), C (for Close), repeat 
3 more times leaving two 3D 
windows and | algebra window, 
A (for Algebra), A (for Author), 
type im{asin(xy)), Enter, P (for 
Plot), P (for Plot) 

and wait. Then try re(asin(xy)) 
in the other 3D window. 


Bylo aa Ta . 


ee 


One last word of warning: se 
Many 3D graphs look awful | = 
when tried with default ie 
settings .. . for example, the —ay 
cover of this book. Try it. . . sin(xy). I never saw such a | 
bad picture! Compare this default picture with the sec- 
ond picture. It's hard to believe they are generated by 

the same expression. 





How do we improve the picture? The 
length is shortened to 2x in the x and y 
direction, the z is shortened to about 2, 
gridlines are changed from 10 to about 20 
(for super resolution, as on the cover, set 
them to 40) and the location of the Eye in 


the z direction is raised to about 8. Also | OX —— 
the color on the top is changed to 11 (light mB UT ER ‘ 
blue) and the color on the bottom is PSL 


changed to 9 (dark blue). The trade—off in 
changing the settings is that the graph 
takes longer to calculate and appear on 
your screen. 
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Calculus was invented to solve problems that involve 
change. If the world were static, calculus might not have 
been invented. 


Many problems in the world that involve change can rn 
be reduced to two problems: find the slope of a curve at | 
any point, and find the area of a region that is 
bounded by at least one curve. First I will consider the 
slope question. 


If we look at the graph of the curve x*+y=1 we see a : 
circle of radius 1. I'll show you how to find the slope q 
at a point, (0.8, 0.6), on this unit circle. d 


io ine), ————<—= eel 
S (for Split), 11 (for : i | ms, 
Horizontal), Enter, W (for 
Window), D (for Designate), 2 
(for 2D—plot), W (for 
Window), 5 (for Split), V (for 
Vertical), Enter, A (for 
Algebra), A (for Author), type 
x*2+y*2=1, Enter, L (for 
Solve), Enter, tap Del to chear, 
type y, Enter, arrowup (to betel g tie 
highlight sqrt(l—x*)), P (for | 
Plot), P (for Plot), tap key FI 
(to move to the next window), 
P (for Plot). 


| 2 
(es pei wd 





This gives the top half of | 
the circle. (It's not necessary to plot the bottom since the © 
point we are aiming for, (0.8, 0.6), is on the top.) Lhave © 
chosen a circle for our demonstration because it has a 
nice sharp bend and we can easily see the difference 
between the curve and the straight line tangents and 
approximations to tangents. 
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To see the tangents to a curve, I have written a little 
function that we will use without explanation of how it : 


keystrokes: A (for Alpebra), 
A (for Author), type f(e,d):= 
—o1—*2)* 0 Sud" 2 
(1-c*2)*—0.5, Enter, Mifor 
Manage), S (for Substitute), 
Enter, Enter type 0.8, Enter, 
type 0.6, Enter, P (for Plot), 
P shoe Plot), wait for the 
»PgDn, hold Ctrikey [| , , 
sonasdepaudia a: either 
key F9 (to move in), C (for nr 
Center), tap key Fl (to move to Jf"! “=* #! >> 


# -#.3 i a =a. 


the next window), P (for Plot), [J "' @ ~*~ 8) “ weaee ews 





Seale wi.i wee 


The pictures show the ) = 
straight line tangent to the curve at the point (0.8, 0.6). | 
Lay a pencil flat on your monitor’s screen so thatthe 
tangent line is covered up. The slope of this line isthe 
slope of the curve AT THIS POINT. Move your pencil | 
around the curve, keeping it tangent, and notice that iH 
the slope of the line represented by the pencil is chang- 
ing. The slope of the curve is also changing (since its 
slope is the same as the slope of the tangent). At the top = 
of the circle the tangent line is flat so the slope is 0.On _ 
the right side of the circle the line slants up to the left so | 
the slope is negative. At the left side of the picture the 

line slants up to the right so the slope is positive. Use 

the F(c,d) function to create lines tangent to the circle, 

C and d represent the x and y values of points on the 
circle; you may want to return to the y = sqrt(1 — x?) 

line so that you can substitute a value for x and let 

Derive calculate the corresponding value for y. 
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How do we understand getting the slope at (0.8, 0.6) of | 
the circle? We'll get the slope of straight lines that inter- 
sect the circle at (0, 1) and (0.8, 0.6) and (0.6, 0.8) and 
(0.8, 0.6) to show a trend toward the one we want. 

We'll do this graphically and then numerically. Again, 
I'll introduce a function, without explanation, that will 
draw the lines we want. 


keystrokes: A (for Algebra), A (for Author), type 
line(g.h,i,j):=(h—j)/(gx+hh—j)/ (gg, Enter, 





6: LINE ¢(g, h, i, J) : 


This function, when plotted, creates a line connecting 
the points(g, h) and (i, j). We're interested in lines that 
connect (0.8, 0.6) and some other point, so we'll make 
that substitution right away. 


keystrokes: M (for Manage), § (for Substitute), Enter, Enter, : 
type 0.8, Enter, type 0.6, Enter, Enter, Enter. = 


8.6 = A 
a + 


@.8 - i 





7: LIME ce.6, 8.6, is Jd r= 


We are now free to concentrate on what our second 
point will be. I suggest (0, 1) to start. 
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keystroke; Mi (for Manage), 
S (for Substitute), Enter, 
Enter, type 0, Enter, type |, 
Enter, P (for Plot), P (for 
Plot). 


We see the line connecting | : | 
(O, 1) on the circle and Me ar ee iene oe ace eee aceateatinn coe 

(0.8, 0.6) on the circle. The Bh... ica, ce - 00 4 - 008? ce ae ow ae 
slope of this line can be 8 MINE Cy Ry hy gts ee 
thought of as an approxi- LIME (0.8, Ha, i, oi : Ltt ES oa $e 
mation to the slope of the a oa 
tangents to the curve at 
(0.8, 0.6). By choosing 
points closer to (0.8, 0.6) we 
can get a better approximation. Try it yourself. Find 
points on the circle that get closer to the target of (0.8, 
0.6), substitute those numbers into the line function, 
and plot. 


me Fiat duit toate Tlakes eon 





Seale o28.5 wie9 Derive E-rletll 


I'll find two numbers for (i, j) that are very close to 
(0.8, 0.6) and use my line function to plot a graph. 


keystrokes: A (for Algebra), arrowup (to highlight 2 
y=sqrt(1—x")), M (for Manage), 5 (for Substitute), Enter, type I Wil- x) 
0.7 (a number close to 0.4), Enter, Enter, X (for approXimate), 2 

Enter. | 18: Wl - 6.7 ) 





When x is 0.7, a corresponding y value ON THE e 
CIRCLE is 0.714. We'll now substitute these two values _ 
for i and j in the LINE function, and plot. fl 
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kevstrokes: Arrowup (to 
highlight LINE(0.8,0.6,1,)):= 
ete.), M(for Manage), 5 (for 
Substitute), Enter, type 0.7, 
Enter, typ e 0.714, Enter, 
P (for Plot), P (for Plot), wait 
for the graph ..., tap key FI, 
P (for Plot), 
a 
| LIKE (6,8, Bb, BB, bt fs 
Notice how similar the last |), _ a, 
plot, which is simply aline ff, isa 
connecting two points On = ju: = ema 
the circle (no calculus), is , | 
to the tangent line at a 
single point, nearby, that 
was created by calculus. 
The new idea (calculus) grows out of the old idea. 





How can we see the numerical value of the slope of the | 
tangent line at (0.8, 0.6)? First, we'll define the slope as © 
the change in y value divided by the corresponding : 
change in the x value. Since the line whose slope we 

want is from (x, y) on the circle to (0.8, 0.6) also on the | 


circle, the slope is: 
keystrokes: A (for Algebra), A (for Author), type 2 
slope:={sqrt(1—x"2)—0.6)/(x—0.8), Enter, M (for ge _ Wi- x) - 6.6 
Manage), S (for Substitute), Enter, type 0, Enter, X (for ee 62 et 


approXimate), Enter. 


—  h- a) - 86 
We can now calculate the value of the slope at | ~~ oh | 
a variety of points, moving closer and closer to 
our target spot of (0.8, 0.6), using the vector 
command. 





125 


Calculus 
Chapter 14 


keystrokes: A(for Author), type vector((sqrt(1—x*2)-0.6)/ 
(x—00.8),x,0,0.6,0.1), Enter, X (for approXimate), Enter. 





; 3 - 
fil -* )- @.6 
x- 6.8 


A | . bts he r. hi 1 | ‘ r ars Ba i | 
A) “ie Ml a ale athe "y - F “4 a | M Ae | ear n 4. wor | | 


lé: VECTOR 









keystrokes: A(for Author), type vector((sqrt(1—x*2)-0.6\/ 
(x0.8),x,0.7,0.76,0.01), Enter, X (for approXimate), Enter, 





: 
afl - « ) = 6.6 
=u- 6.6 
19: (-1.14142, -1.15779, ~1,. 17467, - 









18: VECTOR | » % &.7, 8.76, e.<1 | 






1.19218, -1.21@11, -1.22875, -1.248e7) 





keystrokes: A(for Author), type vector((sqrt(1—x"2)0.6)/ 
(x—0.3),x,0.7999,0,79996,0,00001), Enter, 0 (for Options), 

P (for Precision),Tab, tap Del to clear, type 12, Enter, X (for 
approXimate), Enter. 





To calculate the slope a bit more directly we'll use De- 
rive’s ability with limits. We'll find the limit of the slope 
expression as the variable approaches 0.8. 


keystrokes: A (for Author), type (sqri(I—x*2)}-0.6y/(x-0.8), [ 2 
Enter, C (for Calculus), L (for Limit), Enter, Enter, tap Del | 9, V4 ~ *) - @.6— 
to clear, type 0.8, Tab, B (for Below), Enter, S (for Simplify), x - 0.8 


Enter, X (for approXimate), Enter. z 
1 - kx )- 8.6 


= “ae- x - €.8 


« 


-1.33333333333 
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Or we can simply do the calculus directly. 


keystrokes: A (for Author), type sqri(l—x*2), Enter, C (for 
Calculus), D (for Differentiate), Enter, Enter, Enter, 5 (for 
Simplify), Enter, M (for Manage), 5 (for Substitute), Enter, type 
0.8, Enter, § (for Simplify), Enter, % (for approXimate), Enter. 


Usually, learning the integral calculus begins with a 


a) @f 2 
basic development of area via limits. Instead, I'd like to | —— 
explore some intuitively attractive ideas using Derive's | aes 


5 CI +9 2 
integrating capabilities. qa - 8.8") 
What is the area enclosed by a sine curve and the x axis | ant = 


between 0 and 7? Let's look at the graph: =|. 33333333333 





keystrokes; A (for Author), type y =sinx, Enter, W (for Window), 5 
(for Split), V (for Vertical), Enter, tap key F1(to move to the next 
window), W (for Window), D (for Designate), type 2 (for 2D-plot), y 
(for yes), P (for Plot), hold down the Control key and tap arrowright 
twice, C (for Center). 


We know that a sine curve rises to a height of 1 and we 
are measuring the area across a distance of m. Make an 
estimate and then we'll 

compute the actual area — — 
using calculus. 










keystrokes: A (for Algebra), 
arrowright twice (to highlight 
sinx), C (for Calculus), | (for 
Integrate), Enter, Enter, type 
and type p (for x), Enter, 5 
(for Simplify), Enter. 

a = ES in 
If the area bounded by a 
sine curve and the x axis 
from 0 to mis 2, what will 
be the area enclosed by 


i Bin fn) de 


= teanaler Speyer ly Bele cut solve Kansge Options Flat : 


Free: ey 
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2«sin(x)? 3*sin(x)? b*sin(x)? What is the area bounded | 
by a sine curve and the x axis from 0 to 2x? From to 
21? 


Try the same kinds of questions on cosine curves. Be 
sure to look at the appropriate graphs so you can give 
your intuition a chance. Try calculating the area of 
sin(x) from m to 0. What do you expect? Try it! 


Let's try another pattern. If we graph y=x and look at 
the area enclosed by that line and the x and y axes we 
see a nice isosceles triangle. One height is 1 and the 
corresponding base is 1, so the area of the triangle is 
1/2. 


keystrokes: A (for Author), 
type y=x, Enter, P (for Plot), 
D (for Delete), A (for All), P 
(for Plot), wait for the graph 
to finish, with the arrow keys 
move the marker(+) to the 

point (1,1), C (for Center), 

tap key F9 (to move in so that 
the Scale is 0.5, 0.5), tap key 


© = SIN tas 


ieee is) dp 
Fl (to move to the next | : 
window), arrowright twice (to Jj" "> * 


highlight x}, C (for Calculus), js: I «a 
I (for Integrate), Enter, 
Enter, type 0, Tab, type 1, ee 
Enter, S (for Simplify), Enter, bores fat eres bat 





We see that the area is 

1/2, which we knew without calculus. Try the same 
sequence but with the function y=x?, Make the graph 
and guess what the area will be, again from 0 to 1. Try 
it for y=x°. Any pattern? Try y=x°. If Derive echoes 
back your request, it may be doing something subtle, 
Would the value of b ever cause a problem? Define 
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variable b to be positive and then try the integrationa = 
second time. You might then try to find a generalization | 
by integrating nx" from 0 to 1. Take a guess at the re- 

sult. 


Each of the areas above has been calculated from one 
finite location to another. People have tried tocalcu- | 
late areas across infinite distances (and sometimes have | 
produced finite answers). If we graph y=1/x and just 

look at the right branch of the curve we may ask our- 
selves what is the area enclosed by y=1/x from x=1 to 
x=infinity? 


keystrokes: A (for Author), type y=1/x, Enter, P (for Plot), D 
(for Delete), A (for All), P (for Plot). 


Picture a vertical wall at x =1 as the left side of our 
region and the x axis as the floor and the curve as the 
top. What is the area enclosed from | to 10? 100)? 
1000? to infinity? 


keystrokes: A (for Algebra), 
A (for Author), type 1/x, 
Enter, C (for Calculus), 1 (for 
Integrate), Enter, Enter, type 
1, Tab, type 10, Enter, 5 (for 
Simplify), Enter, X (for 


Try this same sequence 
with the other limits. 
Look at the curve and try 
to guess the results. Type 
inf for infinity. 
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Try this same sequence with the expression L/x?, and I/x? | i 
and 1/x*. Keep guessing the result. Try using 1/x° as the it 
expression. If Derive echoes then define b to be real / 
and bigger than | and then integrate again. 


If you continue to experiment with area you will raise 
many interesting questions and even answer a few, 
Have fun! 


oe Css 
eS 





Using Derive to Teach Math 


One of my reasons for thinking that Derive is a wonder- | 

ful aid for teaching is that itis very powerful. Derive = 

runs on small inexpensive computers and also on high- © 
powered expensive machines. A modest investment i 

will allow people to carry on wonderful investigations. 


Because of the easy—to—use Derive interface it's pos- 

sible for a wide range of students to use exactly the 

same program. Wouldn'tit be nice ifastudentcould =| 
start using a program in the 3rd grade and still be using 
that program in a productive manner 10 years later? | 
What a benefit to not have to learn a new system every 
year or two but rather to learn new content with the 

help of the same program! 


Another feature of Derive is that it does nothing unless 
the user puts in a problem to work on, It’s like a ham- 
mer... a tool that needs direction. It is not a complete 
system of teaching math, For serious benefits to occur, 
some good teaching is needed. I believe that many 
teachers will find Derive to be a useful tool to have 
available for themselves and their students. 


How I've used Derive with first and second graders: 


Press A (for Author), type 2x+3x and press Enter. 
Good, good. 


Do you know how much 2x and 3x is? Suppose 2 gorillas 
lived in your house and 3 more moved in? How many) | 
gorillas? So, 2x+3x would be... yes, 5x. 


Let's have the machine do it and see what it gets. Type 
§ for Simplify and tap the Enter key, OK, so 2x and 3x 
is 5X. 
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How about 4x+2x? Yes, you could subtract... Tryit! ~ 
Sure, whatever numbers you like ... try 3y+5y or ! : 
12g—9g or 2p+3p+4p or 100k+200k—100k+200k or : 
14+24+344+5+6 or... 


Don't worry about the beep. It means you've done 
something awful and the whole world will end soon as 
a result, including your brother. 


Ask Marie when you have trouble. Ask Shaun if you 
have trouble (Shaun is a few years older and a few im 
hours ahead on Derive). il 


How I’ve used Derive with first year calculus students. 





Derive will do many of the problems you'll face in the e 
next few years in math and in physics and engineering. 
However, you may not learn anything from the experi- 

ence except how to type or which command to use in 

what situation. Also, Derive will be of less help with iJ 
word problems than with anything else and since every- _ 
one has trouble with word problems we'll have to watch =~ 
for that. 


A lot of ideas of calculus connect to limits, such as, what 
happens to x? if x gets close to 3? What do you think? 
What happens to x? if x gets close to 3? ... sure, x? gets 
close to 9. Would it matter if we approached 3 from be— 
low or above? .. . would x? still approach 9? Right! 


Let's see if Derive can do this same problem. Tap A (for 
Author), type x* and tap Enter. Good . . . good. Look 

at the menu . . . notice the capital letter in each word? 
Tap C (for Calculus), L (for Limits), Enter and Enter, 
which means you accept what it indicates. Use the Tab 
key to move across the choices .. . yes, choose Above 





Bea a: eae Banal eee aes 
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(A) or Below (B), Enter and then S (for Simplify). 
Derive sees the limit as 9, just as you did. 


Try n/(n+1) as n gets bigger and bigger ... see any pal- 
tern to the results? We could substitute 10 for x and cal- 
culate and then 100 and then 1000. Use M (for 
Manage), S (for Substitute) and X for approXimate 
which tums numbers into decimals. See any trend? 


Let’s graph y = n/(n+1) and look for a trend visually. 
If the visual trend and the numerical trend point in the 
same direction you'll probably be right, at least for a 
while. 


Try (1+1/n)* as n gets bigger and bigger. Use the same 
techniques as above. You have to see the problem 
clearly, (1+1/5) or (14+1/100)'. Can you predict a 
result? Guess!! You can always fall back on Derive for 
correct answers (or a book or a friend or a teacher). If 
you don't guess and make mistakes you may only be 
learning how to type. 


How I've used Derive with first year algebra students: 


Do you have a lot of homework? Is it a real pain? 
What's it called? ... ooh, factoring. Let me show you 
how this computer program can do the problems for 
you. Do you think you could do those factoring prob- 


lems without the program? No? Let's see if we can look 


at this first problem and answer and see if there is a 
pattern that would allow us to do the problem without 
the computer. 


Using Derive to Teach Math 
Chapter 15 
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How I’ve used Derive with 5th graders: 


Do you know what 1*1 is? OK, what about 11#11? 
Very good! How about 111*111? No? Let's see if De- 
rive can help. 


a and b represent numbers. Do you know what a*a*a 

is? No? Try it on Derive and see. And also try 
a*b*c*d*a*b*c*d*a. OK? Let me know what happens. 
Ask Usama if you need help. Or Tim (you know how 
much he likes to teach). 


What are the general uses of Derive in teaching math? 


1. To check your answer to a problem that you have 
solved without Derive. 


2. To explore patterns — to allow the student to make 
generalizations from many instances, more than they 
could generate without some help. 


4. To solve math problems and establish a pattern of 
success. 


4, To start content earlier than usual so that students 
have lots of time to chew over the ideas and are not 
rushed. 


5. To record students’ work. Derive’s memory allows 

me, the teacher, to look at work generated and to think / 
about what was happening. These records are also good 
reading for the students themselves, for their parents, 

and for other students as a source of ideas and inspira- 
tion. 





Many changes have ocurred in Derive in the two and 
one-half years since the second edition of this book, 
I've shown some new features in the earlier chapters 
and in this last chapter I'll show some more. 


Plot will now “distribute” over a list. 


keystrokes: A (for 
Author), type [x*2, x*2 
—l, x*2—2], Enter, W (for 
Window), § (for Split), V 
(for Vertical), Enter, Fl (to 
switch screens), W (for 
Window), D (for 
Designate), 2 (for 
Plot), ¥ (for Yes), P. 


The vector com— 
mand will make 
lists for ws: 


keystrokes: A (for 

Algebra), A (for Author), 
type vector(x"*2—b, b, 0,2), — 
Enter, 5 (for Simplify), Enter. 





Files have been reorganized in Derive version 2.50 (a 
list is in Appendix C). One of my favorite files is 
Dif_apps.mth which I'll load now (I'll hit Esc key im- 
mediately after line 8 appears, which has the function | 
want). 


keystrokes: T (for Transfer), L. (for Load), D (for Derive), type 
dif es type y (for yes), after line § appears, hit the 
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We'll now define a 
function, make its 
graph, use the 
tangent_line function to 
generate an expression 





“File BIF_APES ATH, copyright tc} 198 hi Tefi Werekee, Fee. 
LIME tei, yl, di, ce) [2 a ¢ di ft - wt 
CIRCLE (Mf, fF, ©) t= DOLOMENT tw, 1) * rf oo to), ELEMENT iv, 2) er SIN fed) 








for the tangent to the ie a 
i a CLA TT _ Au. al, a) is —_—_—_—_—_—_—e 
curve at a specific point, a ean 





and plot this graph. CURVATURE (y, 2) :2 CUNUATURE_pux fF a Ey a] 






| z 
(wi. 1) (heat) 
a 


CENTER_Of_CURPRTUNE iy, 2) := CONTER_OF_CuRWATUEE au [t. wl, —T ah «| 





CENTER _OF_COEUATWRE AG tu, di, dB) tz we * 






= RLS air me ar 


Enter opt lon 


keystrokes: A(for Author), 
ype =x 4 eee 


a Loe Cot, wt, di, uD -z yi # al ti =f 
3: «6CURCLE (8, Fr, eh) fs COLESENT fal, 1) 


CURVATURE_AGM Cd), dd} t= 








sips suid devi : 
arrowleft to highlight the “ 
















left side, A(for Author), tap 

key F3 to copy, Enter, M CONTER_OF_CURUATURE_auy tv, dl, 22) tc 
(for Manage), 5 (for | ierieetac anes ae 
Substitute fale CINTER_OF_COPWITEEE ty, x) i= CENTERO 
times, tap Del once, type 1, TANGENT Cu, x. wh) t= LIME [at lin 
Enter, § (for Simplify}, ‘ 





a 
i w# i=@ 
| TAMGDNT fy, 2, 0B) 






Enter, arrowup to highlight 
y:=x"2, W (for Window), § 
(for Split), V (for Vertical), ) 
Enter, Fl, WwW, BD, 2, Y; P, A AD: AEE) Center Delets Hele Flown Get i one Fiat Gcit Stale Ticks Medes Zee 
(for Algebra), arrowdown [Eater artien 

to highlight 2x—1, P , P. 
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We have the graph of a function and the gre 
tangent to that function at a specific location on its 
graph. 





The fun is only beginning. We can change the func- 
tion, and tangent(y, x, xO) will produce the tangent to 
this new function. 


If two expressions are on a list, Derive thinks we 
want a parametric graph; by plotting ? as the third 
element we will get what we want. 


keystrokes: A (for Algebra), A (for Author), type VrosinK, 
Enter, A (for Author), type Ly, tangent(y, x, 1), 7], Enter, S (for 
Simplify), Enter, P, D, A, P. 


A wonderful idea from Carl Leinbach’'s book 
"Calculus Laboratories Using Derive” shows us the 
use of the if-then-else, structure along with 2-D plot- 
ting. 





type yix):-sinx, Enter, A 
(for Author), type vix), 
Enter, C (for Calculus}, D 
(for Differentiate), Enter, 
Enter, Enter, A (for 
Author), type if], F3 (to 
copy), type >, y(x), 7), 
Enter, P (for Plot), D (for 
Delete), A (for All), P (for 
Phot). Nit ¥ te) t= SEM tw 
c oe = | # tx) 
More is possible! How jj, «,,,, 
about a list of expres- ei 
sions that are tangents / | * | 
to a curve, all plotted at joe: WPTIEE) Center Beleie Help Geiiem Flot Quit Scale Tickt Mimdow Zoom 
the sarne time in the | : : 
same window? 
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eee ees sean ——— soos = === === ers tsa? Uha Sat 
‘ = —— Se neatea se ste mens aS cece Sen 


keystrokes: A, A, type 
y=x°2, Enter, A, type 
vector(tangent(y, x, 
8), @, —2, 2, .1), Enter, 
X (for approX), Enter, F1, — 
W, C, Enter, W, 5, H, type 
26, Enter, W, D, 2, ¥, P. 
I love this graph. We REN 
can see the parabola 
just from the tangents; 
the curve itself is not 
plotted. Many possibil- 


” I \ ; 
of i ea! Sar ret , 
J a 
JOO 


Jf AO 


ites here. Throw the rr SEMECUMIMR te seats eae B 
book down and make COR: QETEN Conter Dviste Help Mowe Gpliem Fist Gut Scale Ticks Inula Ee 
up lots of your own iad | : | 
examples. Send me your 
favorites. (Use the electronic bulletin board! See the 
Foreword.) 





Nice designs are pos- 
sible with polar graphs. 


r=sin(5/6x), Enter, P, D, A, 
© (for Option), T (for 
Type), P (for Potar) P, hold 
Del to clear, type 0, Tab, 
hold Del to clear, type 12, 
lap P (for p), Enter. 


Change your tick num- 


bers if the circles don't 
look round. Experiment! 


Scale aS g18.5 
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oi 





In the past three years we've seen more ways to use the © 
function notation built into Derive. I offer the following — 











development as an opening to finite differences. il 
keystrokes: A (for Algebra), A (for Author), type fix):=3x%*2, / = 
Enter, A (for Author), type vector([x, fx)], x, 5), Enter, S (for Oe aes. iad oa ee 





Simplify), Enter. 38: VECTOR (fx, F tx3], x, 3) 
This gives us a table of values for f(x) = 3x°. I'd like to 
look at the differences of the f(x)'s, calculate them, and 
record them for easy viewing. 


keystrokes: A (for Author), type vector((|x, fix), 
fix+1)—fix)|, x, 5), Enter, § (for Simplify), Enter. 





32: VECTOR tiv, F ix), F ta * 1) = F ded), «, 3) 


Now the numbers in our third column are the 
differences of the values in the second column. 
Next I'd like the differences in this third col- 
umn as my fourth column. An easy way of 
deciding what's needed is to do the third column sym- 
bolically. I'll name a new function g and notdeclarea =~ 
value for g, and do the differences symbolically. ii 
keysirokes: A (for Author), type g(x):=, 
Enter, A (for Author), type vector((x, f(x), 
f(x-+1)}—f(x), e(x+1)—e(x)], x, 5), Enter, $ (for 
Simplify), Enter. 


36i (CECTOR fis, F tw), F te ed) = 7 te), © te * 1) = 6 td), 2, DD 





Now | can see the fourth column as a ’ 
symbolic version of the third column. To create my next | q 
difference Ill take G(3)}—G(2) ... . the second value in 
the fourth column and subtract (G(2)-Gi 1)) from it; 

this produces G(3)—2G(2)}+-G(1). This tells me what | ie 
need for the fourth column: F(x+2)—2F(x+1)+-F(1). N 
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keystrokes: A (for Author), 
type vector([x, fx), fix+1)— 
Mx), fix+2)— 2f(x+1)+4(x)], x, 
5), Enter, S (for Simplify), 





There must be many other and probably better ways to 
do this .. . do it. 


Now define a function f(x): = ax? + bx + c and run the 
last line of code again and see the lovely result. 


We are all warned in the Derive manual, on page 120, 
that if singularities (blow—ups) occur in an interval, 
then the integration across this interval may produce 
incorrect answers. The user is responsible for locating 
singularities and working around them. The classic 
example given involves the integral of 1/x* from —1 to 
1, The answer demonstrated here will be wrong; after 
we see this we'll break into two integrals and get it 


right, 


keystrokes: A (for an type int(1/x*2, x, —1, 1), Enter, § 
(for Simplify), Enter 


To get the correct answer: 


keystrokes: A (for Author), arrowup, tap key F3 (to copy the 
highlighted expression), hold down the Ctrl key and tap § three 
times, tap Del to clear, type 0, hold down the Ctrl key and tap 
D, type +, tap F3, hold Ctrl and-tap S six times, Del, type 0, 
Enter, S (for Simplify), Enter. 





I understand the situation with singularities described 

above. The following example produces an exact an- ‘ 
swer, although we integrate right across the blow-up at _ 
xh / 
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keystrokes: A (for Author), type int(1/(x—1)*(2/3), x, 0, 3), 
Enter, 5 (for Simplify), Enter. 


This produces an unpleasant answer with complex 
number fin it so we fix it: 


keystrokes: Arrowup, M (for Manage), B (for Branch), R (for 
Real), § (for Simplify), Enter. 


Derive is quite useful with vectors and matrices. A 
vector, written as [x, 2x], can be plotted and multiplied 
by a 2 by 2 matrix, and the resulting vector can be plot- 


ted. If we want to see the result of more than one multi- | 


plication by the matrix we can simply raise the matrix 
to a power and then multiply the vector, the result is 
equivalent to a succession of operations by the matrix 
on the vector and its results. 


keystrokes: A (for Author), type m:={[0,—1]}, [1,0], Enter, A 
(for Author), type v>=(2x, x], Enter, W (for Window), S (for 
Split), V (for Vertical), Enter, Fl, W, D, 2, Y, P, hold Del to 
clear, type 0, Tab, Del to clear, type 1, Enter. 


We see a graph of the vector (2, 1). Now we'll multiply | 


by m (using a decimal point for matrix multiplication) 
and plot the result and then m*.v or m.(m.v) and plot 
the results. 


keystrokes: A (for Algebra), A (for Author), type m.v, Enter, 5 
(for Simplify), Enter, P, P, Enter. 


Try m*.v and m?.v and so on and see geometrically 
what results. 
A function called Eigenvalues, applied to the m we 
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have just explored, produces f and —7, If a complex num- 
ber is multiplied by i, the resulting complex number, 
when plotted, is at right angles to the plot of the first 
number. Multiplying by i produces a 90 degree rotation © 
... the same result as multiplying a vector by the matrix 
m. Lots of connections here! Try plotting different 
vectors and multiplying each by the matrix {{1,—4], 

[—1, 1]. Plot the original vector and the vector that 
results from the matrix multiplication. Can you get the 
resulting vector to go in the same or exactly opposite 
direction from the original? Read about eigenvalues 
and eigenvectors in a book on linear algebra. 


Much interest is generated these days by looking at | 
graphs of simple expressions and then looking at recur- © 
sions of these same expressions. 


keystrokes: A (for Algebra), A (for Author), 


type f{x):=cosx, Enter, P, D, A, P, A, A, type 
f(f(x)), Enter, P, P. 


Guess what graph the next level, 
f(f(f(x))), will produce. Define g(x) to 
be 3.7 x (1—x) and plot and then 
g(2(x)) and so on. What patterns do 
you begin to see? Predict! Change the , tee —Sieae | : | 
3.7 and see the effect. : —F = 





Beginning with version 2.51 it is possible to generate char- 
acters quite a bit smaller than in previous versions. This is a 
wonderful feature if you have large matrices or equations 
with a large number of roots; any situation where you need 
to see many symbols on the screen at one time. A VGA 
monitor is necessary for this effect. The following key- 
strokes and picture will give you the idea. 
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© (for Options), D (for Display), G (for Graphics), 


H (for High), § (for Small), E (for Extended), V (for VGA), 
Enter, A (for Author), type vector(vector(random(8), n, 24), m, 
27), Enter, § (for Simplify), Enter. 


keystrokes 














ann HB hoe ere ree eHn news aee|eF i 
nba @en Nad nadade ee een tenn er ah 
er ene eer ee | 
nanddsesunaranneoereenaneerlel g 
nendernenrwannanvanereannes alee 
Cu pmeeensaane ramet nanan an nies 
| nwt ae Pr ORF PH AMP RT ee 
NOM NHR OR Eee el a mn ee 
td DG OP PhP ee Pee he here i scnmiagisi el — si 
| Hnonenaenunaravanansenaaen ees 2346 Ta 
gfeeeteeeuepeceesger rece eer ety c£8-.58 
Sede eed ene eee eH OE 56834 5 
bee twcentonveskeeye ces epee S2eaSey 
Germensinuevannennenaaneene rit Bépesce 
Lt epaawhciacen oh ere coer SPeg ass 
"i | | sae “BRS at 
SON TAR PAR eee ATE Hee eee ee Escegs 
eee er arash anneerarnne ear en le geieeee 
eueneeenanaeananadeenannaen alice | eotlrs 
i a 8 oe Re EEE RES Re ae Se tr 822862 o 
EP BO 6 #6 See Swen ey ccs Eos hios 
| Soe Od enter eae eae eh eA S seas 
BATA H EEN EAR ETE He Sgaseae 
Pee sda eee ee ee a A tet: 
553726: 
peseets 
gza08% 
Sebesb? 
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are buried in parentheses. The amazing fact is that i 
Derive reads each of these piles of symbols in quotes as | 
a variable and all of Derive’s capabilities will act on = 
them. We can solve and simplify and expand and factor 7 
and plot and substitute as before. I'm sure this idea will ~ 
be very helpful for many people. The following crude 
example gives you the idea. 


A (for Author), type “[A=[" =((“[H2A]" | | 

Kr" 17) (UH) / [Rep 4a” Enter, L (for solve), “tHeAT" "ki" 
Enter, tap Del to clear, type "ki", Enter. | Ai: ai “CHey" 

aa [He J" 


Many demo files and utility files exist in 
Derive; they are all listed in Appendix C. I'd 
strongly recommend that you view these files. 
They are amazing and useful. 





As this third edition is completed, it is July 27th, 1992. 

In just three and one-half years Derive has become 

widely known across the world. We receive orders 

every week from most countries in Europe, all across 

the U.S., Canada, Australia and New Zealand, Japan, 
Singapore, and Hong Kong. We have received many / 
words of encouragement from teachers and researchers, © 
from students and professors, from engineers and scien- | 
tists. | hope we all continue on this great adventure. 
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Whale mahonmg an capiession, the iat cen be Derive innows nee oo append ending smmpbify = 2S 
ediued using the folkowing line edit commands: the following mathemalical functions, constants, and 
Cursor movement commands: agamenis, they ant appronimated mamerically to 
Coil 5 move heli « charectcr (ie | 
Corl D eure raght « character Crberwine they arn cinpiified algebrucelly using 
Cui A sows left a word powerful trmaformasons Many ienatormarions 
Cui F more right « werd are applied auinenatically, some am applicd unity 
Cr Os mows: to left end of line when you tepaca them by imang « Manage 
CuliQD move w right end of line CONTTTaand 
Text deletion commands: Constanta: 
CulH «Backspace delete charieficlaasor =| & beue of che natural bogartiizms 
CAG Pel delete char at the canor hi upaare rood of -] 
Cui T delete word beginning a =| ciecle’s ciraamdfnrence bo diameter tales 
Cri ¥ delete whole lene ef = positive infimityy 
Cri OY deleis night end of ime 
CiQH debete bef and off bene Operators 
Wiscellaneous commands: | ffenmnia F 
gow 1 plus w 
Col Exeter exter lime of text ae w Tara Ww 
Col] Crk Geter 9 enterend simplify lincof 832s BW 7 tie wit W nines w 
Wear aie a dieded bey w 
Ex abort edit and mona Ww aw # Guaed to the power we 
a % 2 percent = 2/100) 
Choi ¥ = im boggie inseriaverwrir af f facial 
rahe 
Cel U nent perv ices lane of text Exponential fonethens: 
caper * heen of the qacore! lagencho 
Fa Lert bight ghee EXP fz) @e ramend to the power # 
cipresion encksacs im SORT (4) spe motofs 
paresthcsce . 
. |. Legarithmie fonctions: 
On PC compatible computer, the following Groek. 


letters con be entered by holding down the Alkey =| LN (x) mapared beg af 7 
while pressing the cormapending Latin (anglish) LOG tr) = matured log of 
later: LOO (sn .6) kbeof sto the bee w 


Al-H beta b ALP pl P 
AMG Game C i arcle’s corcunfemmos to 
AbD dats di Al-T wu a diepeser ratio 
AnN qmilon oF AF Phi UO dey eudians por degrne 
Ail Theta oh AiO Gmege oS SIN Cedeg) 9 wneof zdegress 

SEN (x) ene of + mdkems 
On PC compatibte comgarters, the following OOS (x) cosine af x radians 


mathematica communis and funcuons con be entered 79 55 (25 tanger if 7 radians 
by balding down the Alt key whale pecesiing th CHIT (a cotangent of ¢ eadiana 
comesponding |etuer SEC tx) secant of x rutvers 


CHC (iz) comcaanl of 2 radians 
AI-E ac heme of thee mato) hogs. 


Alt i quar pot af =| 
Ali SORT wqare- rool function 
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(radians); 
ASIN (a) ange whos smn ei if 
anghe: wheres comine un x 
angle howe tangent ja 7 
angle whowe OMangent in 2 
angie of the point (ky) 
amagle of the: pecrint (2,7) 
atetle who ascent it £ 
angde whies cosecam is £ 


SINH (7) 
COBH (x) 
TASH ix} 


SEACH (x) 
TCH i 


ASINH (x) nee bypertodic ane of x 
ADOSH tr) inven hyperbolic costae of 
prises | 
AQOTH (z) i 
ACSCH fx) i 


ATAN (a) 
ACT (x) 
ATAN ty, 2) 
eae im, ¥) 
EC ty 


ARS (a) 
SGN (x) 
MAX (2, y, 
MIN (x,y, ...) 
STEP (x) 
CHE ta, a, bb) 1 Waceck, 0 if eeu or xob 
Complex variable functions: 


a wlan rat of «| 

ABS (x) Mohiie vaboe of x 
SHGN (2) signal x 

RH (x) Teal part of 7 

DM (a) Treg inary part od x 
CON (x) compiles compgats of 2 
PHASE (7) phase angle of x 


GAMMA (ce) gamma of g 
PRAM {%, =) PerruiaGons of ¢ things haloes 
Wat bine 
combinations of s dimes taken 
w at io Cie 


COME fn, ow) 


| AN ERAGE (al... a) eerdimetic tenant 
| RMS (2, vo ta) 
VAR (al, —, an) 
STDEV ivi, — an) 
FIT (m) 


hemi scare {it 1 
dais. miriam 


| GRP ee) enor dumcuion 

ERP G6) generalized error function 

NOCILMUALL ie, on, 6) perma! distritutian 
funcuon with tea. m 
id Gander deviation 2 


| PVAL 
FVAL 
| NPER 


‘G, Tew, eee 
value of 


fi, nper. sale pa a future 
waloe of contract 

per, didn sags 

G. pons oval val, thea) a 
number af payment periods wf & 


LIM (a, 0,0) limit of ot at a approaches a 
fron above 
UM (a, 5,4,0) bait of o an 2 approaches a 
fron below 


DEF fu, =) derivative fu we x 

DOF fo,a,0) nth omer derivative af a wre a 

TATLOR fu, a, a0) nh onder Taylor 
apprnumation of u aba a 

INT fu, 2) antidesivanive of wrt 1 

TST Cu, ta.) definioe ieviegral ofa wet # from 
aink 

SUM fu, nj) anhidiffornce of u wrt fi 


SUM (a, 0, bm). definite san of wasn goes 
| Prem ke doom 
PRODUCT fo, a) enquesient of a wrt ei 
PRODUCT (a, n, bm) definite product of 1 an 
n poets fron bt en 


Vector fanctlans: 


VECTOR (km, a,c) avecorofu ae k good 
from im kon in alee 


ELEMENT (i, tt) ehament n of a wechor 
vow dot pradoct off 
wockora 

CROSS fe, w) cross prods af 180 

ye 

DIMENSION (vr) manbet ft Siemens of & 
veclor 

OUTER iv,w) exer product of ten 

weetorm 


IDENTITY MATRIX (n) 0 by n identity 
atrens 


ELEMENT (A, j,k) element in row j and 
cofum k of a metres, 


AY meriepose of a atria (On PC 
OR, we Yer char) 
GBT tA) determinant of a apomre mates. 
TRACE {A} trace: (euen of diagonal) of w 
mquare ThA 
A | verse of a mquare moti 
ROW RBEDDCH LA, 8) row echelon form of 
A mugmeniod by BF 
CHARPOLY (A, 1) charmuaeristic polyncenial 
od w ecpumre matria 
HIGENY ALES (A) eigenvalues of a 
gine Tear 


GRAD (espe) gradient of expm depending 

mi, y, ads 

GHAD (expe, ¥) gradient of exgm dependang 

on vernal jm ¥ 

GRAD (eapm, A) gradient of mupn mn 
coondinais sytem A 

DEV tw, Ab divergnnnt af « 

vector 


LAPLACIAN (expn, A) divongemce of the 
qrediont of expe 


CURL tv, Al cool of « woekar 





POTENTIAL ¢¥) scalar potereial af » 


POTENTIAL (vy, «| potertial of a vector 
VECTOR POTENTIAL (vp vector 





potential of a voto! } 
JAQOBLAN (vw) Jecobian enatria of 





COVARLANT_METRIC_TENSOR (7) 

Covariant eneinic tenecr of 
Jacobnen main 
SORT _ DIAGONAL (Gjequare svete of the 

diagonal al a mstebc bene 
w=T a equals + 
i jiny 0 ret equal ¥ oe 
eat tt heme Uber 2a 
oy iy ecu tums cor equal bie 
o>¥ is preater dhan ¥ 
un tw preaker than or exaal le 

¥ 

SOLVE (u, x) woe o =O fore 
SOLVE (u=¥, a) solve u=vior 
SOLVE (ue v, 2, a,b) solve ue v fora oo 


[a,b 
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A Session with Andrea 


The work you will see was done by Andrea Monti when _ 
she was in the sixth grade. She had begun working on | 
Derive and Mathematica once a week, foracouple of | 
years before this, Andrea's judgment of her math abili- (J 
ties is that she is competent but no genius. Her mother : 
and teachers in school would agree. FE 


I see Andrea as a visual person. On the wall of my 
workroom are many examples of her math/art creations. 
She is full of energy and concentration when the work e 
has a visual aspect, especially when she is free to create _ 
In a Supportive environment. i 


I never saw Andrea interested in symbolic manipula- 

tion. We did some work with equivalent algebraic ex- 

pressions and factoring polynomial and binomial expan- 
sions. Andrea went along politely but you could tell 

her heart wasn't in it. Then, four months before the : 
session I am about to describe, she arrived for her class | 
at The Math Program and sat by the Mac with Mathe- 
matica at the ready, She was ready to give it a try. This ; 
started an amazing adventure. I have 40 pages of her : 
work, mostly created by my simple suggestion and then | 
her own creating. : 


In this session on Derive, I was present only at the be- 
ginning and end. We printed out the results with a 
boldface type to show her input and an italic face to 
show Derive's response. When she types in a problem, 
it is her own idea (drawn from previous experiences) 
and when she types = and an answer it is always done 
mentally ...no writing, 
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On Mathematica, Andrea had typed her name and 
manipulated it algebraically. On Derive, re is read as a 
function for the real part of what follows so Derive's 
response was new to her. See how she struggles with 
the new conditions. 





A friend of mine, Horatio Porta, saw some of Andrea's 


printouts and said, "Oh, she is teaching herself algebra." 


| agree and I believe that Andrea's visual sense is driv- 
ing her algebraic experience. 


What you see in these few pages is a tiny window on 
the marvelous world that will be possible when we put 
iate mathematical tools into the energetic 


hands of young people. We must also show interest and ~ 


support their work and provide just a bit of guidance. 
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= Boeneeagecescs Bs Fee IER S99 
a ea ms a See erate ean satan 





P9O9IISOO000! = 999998000001 


LLDLLLND* 10011111 = 123456787654321 
12345678765432)] = 12345678765432] 
a*n*d*RE(a) *a*n*d*RE(a) *a*n*d*RE(a) 
*a*n*d*RE(a) *m*o*n*t*i *m*o*n*t*i *m*o*n*t*i 
*m*o*n*t*i 

QNS* dd * AE * Ad * nA A8* ord tpn 

a*n*d*RE(a) *a*n*d*RE(a) *a*n*d*RE(a) 


*a*n*d*RE(a) *a*n*d*RE(a) *a*n*d*RE(a) 
*a*n*d*RE(a) *a*n*d*RE(a) = a*n*d*RE(a)*6 


aVlG*dS*n8 = a7 *d*n 





BNTF ONS AAS TINS = ah] [EDA ASE AG 
a*n*d*RE(a) *a*n*d*RE(a) *n*d*RE(a)*143 
AS* dN * AF 


a*a*a*a*a*a*a*a*a*a*a*a*a*a*ata*a*g*s*sts*¢ = 
aNI8*s*11%4 


AY Gs" = [dod ah] 8¥ 5 
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andrea*andrea*andrea*andrea*andrea*andrea 
a*z*a*z*z*za*a*a*a*zz*az = a°4*2*3taz\1*za" 1422" 
aS *az Fz #22 #243 = a *az *2a F22 F249 i 


*azzy *azzz *azex “zea *zza *2zzZa = zra"3 *azrzz*3 
*zzza"1 


azzz"3 *22a°3 *22za = azz23 *22a79 *zz2a 

yes *yes *yes *no *no *no *no = yes*3*no"“4 
no*yes"3 = no *yesS 
abc*’*s*abc*’*s*abc*’*s*abe*"*s = abc*"*s*4 
‘Mabe? s4 = “abc*s4 


hello *hello *hello *hello *hello *hello *hello = 
hA THEA TAA TANT 40°F 


hello®7 = eST#AAT*IN | 4¥ 0°7 


xzc *xcz *xez *xcz *xez *xez *xez *xcz *xcz *xcz *xdr 
*ydr *xdr = zcx*10*xdr“3 


xe’? *xdr3 *x2c = xdr*3 *2ex0 
h*e*l*i*o*h*e*l*I*0 = h42*e%2*1424142*0%2 


en2*hh2*[MdF of? = ef 2*h2* 1M FO" 
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Important Demonstration and Utility Files in Derive 


Arthuaime 
Algebradmo 
Calcuhadmea 
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These files may be loadin! mio Derive via rep defers methonte: 
First method: eywtries: Transfer Load Derive flenamernth . which iv 
show aed all the fumchott can be sees on te econ. 


Second method: keystrokes: Transfer Load Utility Mlenamemtts -iarmuch 9 of 


queckes ber you will mor ae be fumctions on the acne, The funcisons 
read in the Derive mutual. _— 


functions to solve systems of non-linear and complex equation. 
many funcuons to manipulate wecior and matrices...great 
educational vahee. 

functzons for numerically approximating derivatives. 

many function: implicit differentiation, tangent and normal lince 
iO a cirve, tangent planes, 

functions which genera LaPlace transforma, Fourier series, wc 
length, area, volume, centrnids, arcas, and volumes of revolution. 


funclion to generate Pade rational approximations which can be 
bether than the comeapancing Taylor series, 

Euler gamma functhon, 

Pochhammer, polygarmma, Poisson, and binomial 





andi cyl , CONS, HPAce curves, 
approximations; bin i pie, cages Wares 
Bernoulli, Catalin, ond-siany others. 


Appendix D 


Bibliography 


Equations, Addison-Wesicy Publishing, Rt. 128, Reading, Massa- 
chusetts, 01867. ISBN: 0-201-57268-0. 


Cohen, Don, Calculus By and For Young People (Ages 7, Yes 3 
Seven and Up), The Math Program, 809 Stratford Dr., Champaign, =@ 
IL, 61821. | 


DeMarois, Phil, College Algebra Laboratories Using Derive, 
MathWare, 604 E. Mumford, Urbana, [L., 60601. 


Edwards, C.H. Jr., Calculus books of all sorts, Prentice-Hall Pub- 
lishing = | 


Edwards, C.H. Ir, The Historical Development of The Calculus, 
Springer-Verlag, N.Y.. N.Y. 


Gilligan, Lawrence G. and Marquadt, James F. Sr.; Calculus and 
the Derive Program Second Edition, Gilmar Publishing Co.. 
ISBN: 0-9626661-2-2. 


Leinbach, L. Carl, Calculus Laboratories Using Derive, 
Wadsworth Publishing Co., 10 Davis Dr., Belmont, California, 
94002. 


Parker, David, AcroSpin, Acrobits, P.O. Box 26871, Salt Lake 
City, Utah, $4126-087 1. 


Rich, Albert, Rich Joan, Stoutemyer, David, Derive User Manual, 
Soft Warehouse, Inc., 3660 Waialae Ave., Suite 3304, Honolulu, 
Hawaii, 96816-3236 


Sawyer, W.W., Mathematician's Delight, Penguin Books; re- 
printed by Dover Books, N.Y., N.Y. 


153 





Appendix E 


The layout of the book is a compromise between case of use and 
readability. We wanted the reader to be able to-casily read and use the 
book while working with Derive, A Mathematical Assistant (a regis- 
tered trademark of Soft Warehouse, Inc.) at the computer. Room was ag 
needed for recognizable screen shots from Derive sessions to be asso- a 
ciated with the keystroke sequences. Also, rather than isolate equa- 
ons, they were included as part of the text to maintain a conversa- 
tonal style. ‘The trade-off has been some awkward breaks in equa- 
fons, a result of working in the very large 14pt typeface (before reduc- 
tion for printing). 


The draft of this book was written using Professignal Write (a regis- 
tered trademark of Software Publishing Corp,) on a Toshiba T1000 (a 
text was transferred to a 33 mhz 386 computer with VGA monitor, con- 
verted to ASCTI text with Professional Write and imported into WordPer- 
fect Ver. 5.1 (a registered trademark of WordPerfect Corp.) for clean-up 
and preparation for placement in PageMaker Ver,.4.0 (a registered trade- 
mark of Aldus Corp.). 





The pictures of graphs and equations were screen dumps taken from a 
second monochrome graphics monitor attached to the above 33 mhz 386 
computer using the Hercules graphics mode in Derive. Pizazz Plus (a 
imported directly into PageMaker. 





Pictures wore resized and reversed (white on black to black on white) from 
graphics features. 


Proof and camera-ready copy was generated on a NEC Silentwriter 2 
(Postscript) laser printer with 4 mega-bytes of memory. The pages were 
reduced to final size with a graphics camera, 
The Times New Roman and Symbol typefaces were used. 

Mark Deininger 


Lirbana, TL 
July 27, 1992 
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